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Foreword

The concept of index matrices originated more than forty years ago. My first
attempt to formalize it was inspired by a conversation with the distinguished
Bulgarian physicist, Academician Hristo Hristov. In May 1987, he invited me
to present my ideas at his seminar at the Institute of Nuclear Research and
Nuclear Energy of the Bulgarian Academy of Sciences. After the seminar, he
encouraged me to prepare a manuscript, and to his surprise, I brought him a
completed version the very next morning. By the end of that year, my first
paper on index matrices was published.

Over the following 25 years, a number of applications of index matri-
ces were discovered and developed. They proved to be a convenient tool for
describing transitions in generalized nets—extensions of Petri nets, which I
have studied for over 45 years—as well as for representing graphs, relation-
ships between fuzzy and intuitionistic fuzzy sets, decision-making procedures,
cognitive maps, intercriteria analysis, and related areas.

In 2013, Prof. Janusz Kacprzyk Academician of the Polish, Bulgarian and
a lot of other Academies of Sciences and editor of several Springer book se-
ries, encouraged me to collect these results into a monograph, which was pub-
lished by Springer in 2014 under the title “Index Matrices: Towards an Aug-
mented Matrix Calculus” [20]. Since then, further theoretical developments
have emerged, along with new applications of index matrices. In particular,
the concept of three-dimensional and, more generally, n-dimensional index
matrices was introduced, together with the corresponding basic operations,
although challenges remain—especially with respect to the multiplication op-
eration.

This book presents selected results in this area. For brevity, most state-
ments are given without proofs, which can be found in the cited literature.

To illustrate the motivation behind index matrices, consider the following
example (cf. [20]). Suppose that we are given two matrices:

10 11
and |12 13|

123
14 15

456



A natural question is whether their sum can be defined. Since the ma-
trices are of sizes 2 x 3 and 3 x 2, respectively, this operation is not defined
in classical matrix calculus. Nevertheless, such a question may still arise in
practice, suggesting the possibility of extending the original problem to a
closely related, well-posed one. For instance, by augmenting the matrices to
a common size, several plausible extensions can be constructed. In fact, there
are nine such possibilities, each corresponding to a minimal modification of
the original problem:

123 10 11 123 10110 11133
456-1-1213%456—1—12130:16186
14 15 000 14150 14150
or
1923 10 11 123 10110 11133
456+1213z000+12130: 12130
14 15 456 14150 18200
or
1923 10 11 000 10110 10110
456—|—1213%123—|—12130:13153
14 15 456 14150 18206
or ..

These constructions are not strictly equivalent to the original ill-posed
problem, which is why the symbol “~” is used to indicate approximate or
analogous formulations. In this way, an ill-posed matrix operation is replaced
by a closely related, well-defined one.

To formalize the above reasoning and to devise suitable means for han-
dling such problems, over the past 40 years I have developed the concept of
the index matrix and its corresponding extended matrix calculus, enabling
these ideas to be applied in a mathematically consistent and rigorous way.

This book presents the main results on index matrices, along with a num-
ber of open problems.

I express my sincere gratitude to Peter Vassilev, Veselina Bureva, and
Vassia Atanassova for their insightful discussions that helped shape this book.
I also gratefully acknowledge the support of the Bulgarian National Science
Fund under Grant No. KP-06-N-72/8 (14 December 2023).

December 2025 Krassimir T. Atanassov
Sofia, Bulgaria
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1

Index Matrices (IM): Definitions and examples

In this chapter, following and extending the results from [20], we give defi-
nition of the concept of an Index Matrix (IM) and of the operations over it.
More precise, this type of IM should be called 2-Dimensional IMs (2DIMs).
Examples in the area of number theory are use as illustrations.

1.1 Definition of an IM

Let Z be a fixed set of indices. In some cases it is suitable to use more complex
indices. So, let us define for the natural number k£ > 1:

T8 = {(i1, i,y ig)| (V5 : 1 < j < k)(i; € T)}
and

"= U Ik
1<k<o0

Let X be a fixed set of some objects. In particular cases, these can be either
real numbers, or only the numbers 0 or 1, or logical variables, propositions,
predicates, etc.

Let everywhere below o,% : X x X — X be fixed operations and let
(X,0,e0) and (X, *,e.) be groups (see, e.g., [63]) with unit elements e, and
ex«, respectively. These notations were first proposed in [27], i.e., after the
publication of [20]. We will mention that the elements of the group (X, 0, e)
satisfy the following conditions (as the next equalities must be valid for both
operations o and *, below we will use notation [J for each of these operations):

(Ve,y e X)(z Oy e X),

(Ve,y,z€e X)((x Oy) Oz=20 (y O 2)),
VzeX)(zOe,=x=¢; Ox),
VzeX)FyeX)(eOy=e, =y Oux).
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The 2-Dimensional IM (2DIM; but for brevity, only IM) with index sets K
and L (K,L C Z*) and elements from set X is called the object (see, [3,20]):

SR T
]4;1 Ay ly - - - ak1,lj cee Okl
[K,L,{ar, 1. }] = ;|
B o k; Okyly - Qkyly -+ Okl ’
k?m akm_,ll I akm,l]. e akm_’ln

where K = {k1,ka,...,kn}, L={l1,l2,...,lp}, for 1<i<m,and1<j<n:
ag,1;, € X. When X is:

e the set of real numbers R, then the IM is over R and it is a R-IM,
e the set {0,1}, then it is {0, 1}-IM,
e the set of propositions or predicates, then it is a logical IM.

In the next chapters, we discuss other types of IM, as well.

1.2 Operations and relations over R-IMs and (0, 1)-IMs
For the IMs

A == [Kij {ak1',7lj }]’

B= [P7Q7 {bpvquS}]’

operations that are analogous to the usual matrix operations of addition and
multiplication are defined, as well as other, specific ones.

Addition
A@(o) B = [KU P, LU Q,{Ctu’vw}],
where
Ayl iftu:kieKande:leL—Q
ort,=ki€ K—Pandv, =1[; € L;
bp,.q.s ift,=p-€ Pandv, =¢s € Q— L
o orty,=pr € P—K and v, = ¢5 € Q;

ag;1; °bp, q., ftyu=ki=p. € KNP
and v, =1, =¢s € LNQ;

0, otherwise.

Of course, here and below, if “o” is substituted by “+”, then ay,;, o
bp,.q. = Qk;1; + by, q., while, if “0” is “max” or min, then ag,;; 0 by, 4, =
max(ag, 1;,bp,q.) OF A, 1; © by, g, = min(ag, i,,bp, 4.), respectively.
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The visualization of operation @) is given in Figure 1.1.

Do) =

Figure 1.1. Geometrical interpretation of operation @)

Termwise multiplication
A ®(O) B = [K NP LNQ, {Ctmvw }],

where ¢, v, = Gk;,1; © bp,.q.s fort, =ki=p, € KNPandv, =1; =¢s €
LNQ.

The visualization of operation ®.) is given in Figure 1.2.

o) =

Figure 1.2. Geometrical interpretation of operation ® o)

Multiplication

AG(Ov*) B = [KU (P—L),QU(L— P)v{ctu,vw”a

where
Ayl ift, =k, € K
and v, =1; € L — P — Q;
bp,qss ift,=p, e P-L—-K
Ctoy v — and N c Q;

lj:pTOGLﬁF(ak“lj * bPr,qs)’ if t, = k; € K and v,, = g5 € Q;

0, otherwise.

Obviously, when o is substituted by +, the symbol o is substituted by >_.
] -
J

The visualization of the multiplication between two ordinary matrices is
illustrated in Figire 1.3, while the visualization of the multiplication between
two IMs is given in Figure 1.4.
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f 9 h i j
EEEN
abcde® a b c d e

[
1

Figure 1.3. Geometrical interpretation of multiplication of two ordinary
matrices

a b c d e

O e D

Figure 1.4. Geometrical interpretation of multiplication of two index
matrices

We see immediately that
A* =A@ A=[KU(K—-L),LU(L-K),{ct, v,}]
= [Ka L7 {Ctu,’uw Hv
k1, * by, q, and for n > 2: A" = A" 0, ,) A.

where ¢, o, = . o
j=Dr

Structural subtraction
Ao B= [K - P L-Q, {Ctuva}}’
where “~” is the set-theoretic operation difference and ¢y, ,,, = Ak, 1 for ¢, =

kiEK—PaDdUw:l]‘EL—Q.
The visualization of operation & is shown in the following Figure 1.5.

Vo4

Figure 1.5. The geometrical interpretation of operation &
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Operation o with a constant

In [20] this operation is called “Multiplication with a constant”, but here
we extend it as follows. Let o be some operation over the real numbers and
let a be a real number. Then

aoA=[K,L{aoag,}]

In [20], operation o is only multiplication. In the case of (0,1)-IMs, o €
{min, max}. When the elements of the IM are propositions or predicates,
then o € {V,A,—,...}.

It is worth mentioning that for any two IMs A and B, for which KNP =
LNQ =2,

A @(Jr) B=A @(x) B=A @(max) B=A ea(min) B.

For example, for IMs X and Y, and a,b,¢,d, e, p,q,r,s,t,u € L, we have

c d e
X=al|l 2 3,
bl4 5 6
c d e r
d e al—9 2 3 -11
X@Y:b =6 X®HY=b4 5 6 0.
p|I—12 0 0 —-13
qgl—-14 0 0 -—-15
If the IM Z has the form
then
e u e u
al 3 1x10+2x11 al 3 32
XOux)Z=b|6 4x10+5x11 = b |6 95.
s| 0 12 s| 0 12
t|0 13 t| 0 13

Since operation © ) is one of the most complex, we illustrate it with

two examples.
First, let us have the IM
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where «, 3,...,pu € {0,1}. Then

A2 =A ®(max,min) A=

ST} @@‘
XIS Qo

’5&. >, o

(=]

QL O o
=
=]

~ e~~~
3

=

Indeed, the pair of indices (a,d) in the resultant matrix is met in the
two IMs (that coincide) and, therefore, we cannot use the first two parts of
formula for multiplication. In this case, we must use the third part of the same
formula. Since {a, b, c,d}N{d, e, f} = {d}, the third operation will be reduced
to the form min(z, y). Therefore, the element of the resultant IM, determined
by the pair of indices (a,d) is exactly min(a, k). All other elements of the
resultant IM are obtained in similar ways.

Now, let us have the IM

where a, 3,...,u € {0,1}. Then we obtain sequentially?

d e d e f
ala B v ala B v
B*=B ®(min,max) B=bld ¢ ¢ ®(min,max) bld e ¢
eln 0 eln 0
dlk N p dlrk A p
! Here, in the IM we use symbol “...” in the end of the rows of the first IM and in

the beginning of the second IM to denote that the IM is divided into two parts,
due to the lack of place.
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d e
a |min(max(«, £)), max(8,n)) min(max(a, A), max(/3,0)) ...
= b | min(max(d, x)), max(e,n)) min(max(d, A), max(e, 9))
e |min(max(n, k)), max(0,n)) min(max(n, A), 0)
d min(k, max(\, 7)) min(max(k, A), max(e, 6))
| ... !
... min(max(c, 1), max(f,t))
min(max(d, p), max(e,¢)) .
min(max(n, 1), max(6, ¢))
min(max(k, 1), max(A,¢))

Now, we can directly see that when K = P ={1,2,...,m} and L=Q =
{1,2,...,n} we obtain the definitions for standard matrix operations.

In the IM case, we can use different symbols as indices of the rows and
columns and they give us additional information and possibilities for descrip-
tion.

Let ZMg be the set of all R-IMs and let
IZ - [®7 Qa J—]a

where symbol “1” denotes the lack of IM-elements. Let, as above, o,* €
{+, X, max, min} and (o, *) € {(4, X), (max, min), (min, max)}.
The following assertions for the IM are discussed in [3].

Theorem 1. (a
b

) (ZMR, @o) is a commutative semigroup,
(b) (ZMg, ®,) is a commutative semigroup,
(¢) (IMp, ®o 4+) is a semigroup,

(d) (ZMg, ®o, Iz) is a commutative monoid.

Let the IM A be given and let ky ¢ K and [y € L be two indices. Now,
following the paper [48] by Sotirova, Bureva and the author, we introduce
the following eight aggregation operations over it:

Max-row-aggregation

0 b,
pmax (4, ko) = ko‘ max (ag, ;) max (ag,1,) ... max (a1, )’
1<i<m 1<i<m 1<i<m
Min-row-aggregation
A b,
P o) = . - .
mint kO‘lgglm(aki,h) min (ag,s,) ... min (a0, )
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Sum-row-aggregation

‘ Iy lo
— m m
poum (4, ko) = koD ity D Gkity -+ D Akl
i=1 i=1 i=1
Average-row-aggregation
‘ lh lo
— m m
pave(A, ko) = Kol £ S axn £k, ..
i=1 i=1
Max-column-aggregation
L

Umax(Ay ZO) =

k.| max ar. .
"igign T

Min-column-aggregation

lo

k1| min ag, .
1<j<n ™

Umin(A7 ZO) =

kp| min ap .
i T

Sum-column-aggregation

k| D2 anig
Usum(A7lO) = . ”

k| ak,,.1;

Average-column-aggregation

ki | > Ayl
j:
Uave(Aalo): . .

n
1
K| 22 Gkt
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We can see immediately that for every IM A, for every pair of indices i
and j and for every o € {max, min, sum, ave}:

(1) Po(po(A,5):1) = po(A,i),
(2) Uo(go(Avi)vj) = O'O(A,j),
(3) po(ao(A7j>7i) = Uo(po(Avi)vj)'

In the case of (0,1)-IMs, only operations Max-row-, Min-row-, Max-
column- and Min-column aggregation are possible.

Let the two IMs A = [K, L,{ay,;}] and B = [P,Q,{bpq}] be given. We
shall introduce the following (new) definitions where C and C denote the
relations “strong inclusion” and “weak inclusion”.

The strict relation “inclusion about dimension” is
ACyBiff ((KCP)&(LcCQ))V((KCP)&LCQ))
V(K C P)&(L € Q))) & (Vk € K)(Vl € L)(ar; = by.1).
The non-strict relation “inclusion about dimension” is
ACy Biff (K CP)&(LCQ)&\Vke K)Vie L) ak =bii)-
The strict relation “inclusion about value” is
AcC, Biff (K=P)&(L=Q)& ke K)(Vl € L)(ax,; < bx,).
The non-strict relation “inclusion about value” is
AC, Biff (K =P)&(L =Q)&(Vk € K)(Vl € L)(ax; < bx).
The strict relation “inclusion” is
Ac, Biff (KCP)&(LcCQ))V((KCP&LCQ))
V(K C P)&(LCQ))) & (Vke K)(Vi € L)(ak,; < bgi)-
The non-strict relation “inclusion” is
AC, Biff (K C P)&(L C Q)&(Vk € K)(VI € L)(ag,; < by,).

It can be directly seen that for every two IMs A and B,

if A Cyq B, then A Cy B;

if AcC, B, then A C, B;
ifACB,ACyB,or AC, B, then A C B;
if AcqyBor AC, B, then A C B.

Similar properties are also valid for the relations discussed in the following
chapters, and for this reason they are not explicitly mentioned.
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1.3 IMs with elements logical variables, propositions or
predicates

When we choose to work with matrices, whose elements are logical variables,
propositions or predicates — let us call these IM “Logical IMs (L-IMs)”, the
form of the IM from Section 1 is presented, but there are differences in the
forms of the operations and relations.

The operations from Section 1.2 now obtain the following forms.

A®y B=[KUPLUQ,{ct, v,};

where
Akl 5 ift,=kie Kandv, =l; € L -Q
ort,=k; € K—Pandwv, =1[; € L;
by, qes ift,=p, € Pandv, =q, €Q — L
o v = orty,=pr € P—K and v, = ¢qs € Q;

ag;1; ©bp, q., fty=ki=p.- € KNP
and vy, =1l =¢s € LNQ;

false, otherwise,

where here and below in this section o € {A,V, —,=}.

A®@y B=[KNP,LNQ,{ct, v,};

where ¢;, v, = k1, © by, q., forty, =ki=p, € KNPand v, =1; = ¢, €
LNQ.
A®@B=[KU(P—L),QU(L—-P),{ct,v.},

where

a’ki,lj7 if tu = kz c K

ande:lj €L—-P-Q;

bp, s> ifty,=p, e P-L—K

Ctu,vw = and = G c Q;

lj:pTOeLﬁP(aki’lj *bp q.), ifty,=k =p, €K and v, =¢qs €Q;

false, otherwise,

where (o, %) € {(V,A), (A, V)}.

Operation Structural subtraction from Section 1.2 preserves its form,
while operation with a constant from the same section is impossible in gen-
eral. It is possible only in the form
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—A= [Kv L, {_\a’ki»lj }]v

where “=” means the operation “negation”. This notation is used, because
of the variety of different possible forms of the operation “negation”, as dis-
cussed in Chapter 4.

Only operations Max-row-, Min-row-, Max-column- and Min-column ag-
gregation from Section 1.2 exist for L-IMs, but in the following forms.

V-row-aggregation

ll l2 ln
Pv (A7 k‘o) =
kol M (ki) | Y (k) L ()
A-row-aggregation
ly Iy ln
P/\(A, kO) = )
kol A (k) A (akis) oo A (ak,)
V-column-aggregation
lo

k V. ooak, 1
1| Yey iy

v (A7 lO) =

k vV a .
ml1gyn Rmel

A-column-aggregation

lo

kil A ag, 1,
L aien Ml

OA (A7 lO) =

k A a .
M Rmel

In Chapter 2, other non-standard (for matrix theory) operations will be
described that can be used for the IMs discussed in the present Chapter.
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1.4 Examples from number theory

It is well-known (see, e.g., [65]) that each natural number n has a canonical
representation m = Hle p;*, where k, a1,aq,...,a; > 1 are natural num-
bers and p1,po, ..., px are different prime numbers. We can always suppose
that p1 < p2 < -+ < pg.

As it is shown in [20], m has the following IM-interpretation:

‘Pl p2 - Pk
a‘al Qo v AL

IM(m,a) =

7

[P}

where “a” is an arbitrary symbol.
Obviously, if m is a prime number, its IM-interpretation is

IM(p,a) :%.

Let us have two natural numbers m and n. In the general case, they have
the forms

k+h k+h+g
m:Hp;“ and n = H ;.
i=1 i=k+1+1
As it is shown in [20],
k k+h k+h+g
i i+0i i
man = ([[pf)-C [T p577).C T] #7)
i=1 i=k+1 i=itht1

Now, we see that

IM(m,a) @&y IM(n,a)

_ [p1 - pr Dk+1 Pk+h DPk+h+1 " Pk+h+tg
alon -+ g Qg1 + Brtt -+ Okah + Birh Beahat - Brthg
= IM(m.n,a),
and
IM(m®,a) = n.IM(m,a) = [ P2 o b :
alsoq sap oo sy,
for the natural number s, and
IM(m,a) ®(max) IM(n,a) =
P - pw Pk+1 Pk+h Pk+h+1 " Pk+h+g
alay -+ ap max(ogpyr, Bes1) - max(hins Borh) Beaha1 o Brihig

that is an IM-interpretation of the least common multiple of m and n. The
greatest common divisor of m and n has an IM-interpretation in the form

) _ ‘ Pr+1 D+
IM(m7 a) ®(m1n) IM(TL7 a) = a‘min(ak_i_l, Bk_‘_l) . min(ak+h, 5k+h) .
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Finally, we will give examples with the following two new arithmetic op-
erations, introduced by the author in [45]:

k ktl4r
mun=[[p ] » (1)
i=1  i=k+i+1
and
k k-t ' k-Hltr
m*gn = Hp:lz H p;ﬂm(a“ﬁ’) H pii'
i=1  i=k+1 i=k+1+1
Then
I]W(Tn7 a) @(*1) IM(n, a)
_ ‘ P1 """ Pk Pk+1 “°* Pk+h  Pk+hl " Pkthtg
alor a0 - 0 Brghtr Brthtg
= IM(m % n,a),
and
IM(m,a) D(x2) IM(n,a)
_ ‘ P1 - Pk P41 Pk+h Pk+h1 " Pk4htg

alar - ap min(gyr, Brer) - - min(@kin, Brrn) Brhtr -+ Brihtg

= IM(m*gn,a).

1.5 Transposed IM

Let the IM A be given as above. Then its transposed IM has the form

kv oo ki km
ll Al ky o+ QAlyk; -+ Ay kg,
1 .
A :[Lva{alj,ki}]: 1 .
j alwkl e aljvki e alhkn
O I U R T

The visualization of this operation is
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The IMs A ® ) A" and A’ O, ) A are square IMs. For example, if

d e
_ala B
Aib v 4’
cle ¢
then
a b c
A=d|la v €
e|lB8 0 C
and
‘ a b c
) )
,_a|a®+B% ay+ B0 as+ B¢
A0 A4 Tblay+pBS AE e+ ¢
c lae+ B¢ v+ ¢ 2+ ¢
while

d e
AogxA=d|la®+7y* +e* af+70+C.
elaf+y6+eC B2+ 6%+

Therefore, in general case operation O(o,#) 1s not commutative.

1.6 Level operators over IMs

Let Z be a fixed set of indices and ¢, be fixed real numbers, such that

¢ <.
Following and extending the results from [32], let us have the IM A =
[K, L, {ay, 1, }], where ay, i, € [p,]. Then we define

ag, 1., if ag,. 1. >«
ﬁg(A) =K, L, {bki,zj}], where bkmj _ { kil kil

p, otherwise;

ag; 15, ifag, 1, > a,

«

EZ (A) = [K,L, {bkl l.}], where bki 1. = { .
™ ™ @, otherwise;

ak; 1, if ag, 1, < a,

LI(A) =K, L, {by, 1. h br, 1, =
a( ) [ ) 7{ kz,l,}]’ where kil { ’lb, otherwise;

ag,1;, if ap, g, < a,
‘62 (A) = [KaLv {bkialj }]7 where ki,ly — {

1,  otherwise;

Let for K, L C T:

¢K,L = [KvLa {90}]7 WK,L = [Kva {1/’}]
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Then for a € [p, ¢]:

LI (Pxr,L) = Pk.L,
L3 (Pk.1) = Pr.L,
LWk 1) =Yk,
L5 Wkp) =Yk,L

For the four operators, we can prove the following assertions, a part of
which are published in [32]:

e for each IM A and for every two numbers a, 8 € [p, ¢]:

ﬁ§(£§ (A)) = ﬁiax(a’ﬁ)(A)v
‘Cj (EE (A)) = Efnin(a,ﬁ) (A)7
L3(L5(A) = Lo (A);

e for two IMs A and B and for an arbitrary real number « > 0:
a) L5 (A) ®max) L5 (B) =v LG (A S(max) B),
al

(
(B) £3 (A) S(miny L3 (B) =y L2 (A ® uuiny B),
(€) £3(A) ®(max) L3 (B) =0 L3 (A S(max) B),
(d) L3 (A) S (min) L5 (B) =v LZ (A S(min) B),
(€) L5 (A) Bmax) L5 (B) =v L5 (A O(max) B),
(£) L5 (A) ©(min) L3 (B) =v L5 (A S (min) B),
(8) L5 (A) ®(max) L5 (B) =0 L5 (A B(max) B),
(h) L5 (A) @ (min) L3 (B) =v L3 (A S(min) B),
o E’og tvi(H;/[s A and B( a;1d for S(E [0, ¥]: 5)
a) L3 (A) @(max) L5 (B L5 (A ®(max) B),
(b) L3 (A) @(min) £3 (B) =v L3 (A @(min) B),
(€) £3(A) ®(max) L3 (B) =0 L3 (A @(max) B),
(d) £3(A) (min) L3 (B) =v L3 (A @(min) B),
(€) L3 (A) ®(max) L5 (B) =v LS (A ®(max) B),
(£) L3 (A) (min) L3 (B) =v L3 (A ®(min) B),
(8) L5 (A) ®(max) L5 (B) =0 L3 (A @(max) B)
(h) £3 (A) @(min) L3 (B) =v L3 (A @(min) B)
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Extended IMs (EIMs)

The discussed above IMs are, in some sense, extensions of ordinary matrices.
Now, following and extending the results from [20], we introduce an IM, that
includes all of the IMs from Chapter 1 as particular cases.

2.1 Definition of an EIM

Let Z be a fixed set of indices as in Section 1.1, and using it we can again
construct sets Z¥ and Z*for an arbitrary natural number k.

Let operations o, % : X x X — X be fixed.

An Extended IM (EIM) with index sets K and L (K,L C Z*) and
elements from the arbitrary set X (see, section 1.1) is called the object
(see, [20,22]):

T PR
kvlak g, <o Gty o Gk,
K,L{ag .} = : : - : h :
(K, L, {ak, 1, }] Rlaws - ang o ang,
L L P P R
where K = {ky, ko, ..., kn}, L={l1,l5,...,lp}, for 1<i<m,and 1<j<n:

k1, € X.
Unlike the set X and the IMs from Chapter 1, here the set X and the
EIMs can contain arbitrary elements and in particular, whole IMs.

2.2 Standard operations over EIMs

Let in this section, the sets X', ), Z be fixed. Let operations “*” and “o” be
defined sothat x : X x Y - Zando: Zx Z — Z.
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The operations from Section 1.2 remain valid here without changes.
Now, we see that for operations “addition” and “termwise multiplication”,

e in the case of standard IMs, i.e., R-IM, X = ) = R, where here and
below, R is the set of the real numbers, operation “x” is the standard
operation “+” or “x” and, obviously, Z = R;
when X = Y = {0, 1}, operation “#” is “max” or “min”, and Z = X;
when X' = ) is a set of logical variables, sentences or predicates, then “x”
is “V” or “A” and Z = X;

e when

X =Y=2°L"={{a,b)|a,b,a+be[0,1]},

then Z = X and operation “+” is defined for the Intuitionistic Fuzzy Pairs
(IFPs, i.e., pairs with the form (a,b), where a,b € [0,1] and a + b € L)
(a,b) and (c,d), by

{a,b) * {c,d) = (max(a,c), min(b, d))

or
(a,b) * (¢,d) = (min(a, ¢), max(b, d)).
The latest case will be discussed in more details in Chapter 4.

In the case of operation “multiplication”,

e in the case of standard IM, X =) = R, operation “+” is the standard

operation “+” and operation “o” is the standard operation “-”, obviously,
Z =R,

e when X =Y = {0, 1}, operation “¥” is “max” and “o” — “min”, or oppo-
sitely, “x” is “min” and “o” — “max”, and Z = X;

e when X =) are a set of logical variables, sentences or predicates, then
“x” is “V” and “o” — “A”, or vice versa, “«” is “A” and “o” — “V”, and
Z=X;

e when X =Y = L* then Z = X and operation * is defined for the intu-
itionistic fuzzy pairs (a,b) and (c, d), as above.

In the case of “operation with a constant”,

if X =R, then the constant o € R and the operation o € {+, —,-,:};

if ¥ ={0,1}, then a € {0,1} and the operation o € {max, min};

when X = ) is a set of logical variables, propositions or predicates, then
« can be treat as the operation “negation”, but also as a variable, and in
this case the operation o € {A,V,—,=,...}.

e when the set X contains IFPs, then the operation “+” is “max” and “o”
is “min”, or vice versa, “x” is “min” and “o” is “max” and X =) = Z.
In this case, as we will discuss in Chapter 4, the form of the indices can be
different: now, it can be a triple consisting of an index and two numbers
in the interval [0, 1], representing the degrees of its validity (existence,
etc.) and of its non-validity (non-existence, etc.).
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2.3 Non-standard operations over EIMs

Ifo: Xx---xX — X, where X is the set of natural (N), real (R) or complex
(C) numbers, or the set {0,1}}, then the aggregation operations have the
forms from Chapter 1 and [78]. If the elements of the set X' are arbitrary
objects evaluable by some function @, then the aggregation operations have
the forms:

o-row-aggregation

| L b ...,

peld o) = g, © Dlar,1,) 0 Plans,) - 0 Dlak,,)’

o-column-aggregation

lo
k1 jgl ¢(a‘k}17lj)
n
0o (A7 l()) = k2 ]21 ¢(ak27lj) ’
km .gl é(a’kmulj)

where, as explained above, when o stays, for example, for the operation “+”,

m
the “big” operator denoted by ,Tgl will coincide with .
J= j=1

Here and below we use symbol “1” the indicate the lack of some compo-
nent in the separate definitions. In some cases, when we use real numbers, it
is suitable to change this symbol with “0”.

Operation “reduction” over an EIM
First, we introduce operations (k, L)- and (L, )-reduction of a given IM
A= [K7 L, {aki,lj}]:

A,y = [K —{k}, L {ct, 0.}
for ¢, = k; € K — {k} and v,, =1; € L and
A(J_,l) = [Ka L— {1}7 {ctu,vw }];

where ¢, v, = ag,;;, fort, =k; € K and v, =1; € L —{l}.

where ¢, v, = Gk, 1;
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Second, we define

Ay = (A, 1)) (L) = (A1) (k1)

ie.,
A(kJ) = [K - {k}, L— {l}v {Ctung }]7
where ¢t v, = ag,1; for t, =k; € K —{k} and v, =1; € L — {l}.

We can check that for every IM A and for every ki,ks € K, l1,l5 € L,

(A(kl,ll))(kmlz) = (A(kQ,lz))(lil)'
Third, let P = {ky,ka,...,ks} C K and Q = {q1,42,-..,q} C L. Then,

we define the following three operations:

Ay = (o (A ) (ko) ) (ko )5
A,y = (- ((Altn)) (ki) ) (o)

A = (Ap1.@) 2.@) " Dwar@) = (- (AP (Paan) ) (Paa)-

Obviously,
A(K,L) = Ig and A(g7g) = A.

We can check that for every two IMs A = [K, L, {ax, 1, }|, B = [P, Q,{bp, 4. }]:
ACyB iff A=Bp_xo_1).

Operation “projection” over an EIM
Let M C K and N C L. Then,
pranA = [M, N, {bg, 1;}],

where for each k; € M and each I; € N, by, 1, = ag, ;-
Obviously, for every IM A and for the sets M; C My C K and N; C
Ny C L the equality

per,NlprMmNzA = prM17N1A

holds.
We can check that for M C K, N C L:

pra A=Ak -mL-N),

AMN =Prg_np-nA-
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Operation “substitution” over an EIM

Let the IM A = [K, L, {ax,}] be given.
First, local substitution over the IM is defined for the couples of indices
(p, k) and/or (gq,1), respectively, by

[3- L: A=K —{k)U{p}, L {ar.}],

(L 3] 4= K, (L= 1) U g} fara}),

Second,

ie.,
P q
25 9] A= 108 — k) ULph (2 — (1) U g} fan}]-
Obviously, for the above indices k, I, p, ¢:

] (20 - [5] (404
S G-

Third, let the sets of indices P = {p1,p2,..-,pu}, @ = {q1,¢2,--.,qv} be
given. For them we define sequentially:

Pl ez pu
[K%Ahb %AP’
Rl _ (], 01e «
|:J—7 L_ A_ (|:J—7 ll 12 lv:| A)a
P Ql,_[P. Q
LVLA__KAMP,JAy

Obviously, for the sets K, L, P, Q:

) ()-8 (8- 5] (5.8 -

We can check that for every four sets of indices Py, P», @1, Q2

P @A @ [R @al
PP'Q | |K' L K' L '
Fourth, let for brevity 1 < i < j < n. Then the local substitution of an
element of A is defined by



22 2 Extended IMs (EIMs)

R L
aki,lj kl aki’l], kl bki,lj

The following operation are defined for index sets K C P C Z and L C
@ C T as follows:

e “Inflating operation”
(P’Q)A =PQ) [K7 L, {aki’lj H = [Pa Q7 {bpmqs }]7

where
ag,1;, fpr =k € K and q; =1[; € L,
bprvqs =

1, otherwise.

e Operation “Automatic reduction”
Q@A) = [P,Q, {bpr,qs H
where P C K,Q C L are index sets with the following property:
(Vke K — P)(Vl € L)(ag, 1, =1) & (Vk € K)(Vl € L — Q)(ag,;, =1)
& (Vpr = ki € P)(Vgs = 1 € Q)(bp,.q. = ar,.1;)-

For example,

if A=

B~ =,
[S1 TG
= wlw

All above operations are defined over a given EIM. Below, following,
correcting and extending some results from [20], we introduce two (non-
standard) operations over more than one EIMs.

The next operation is operation “composition” over EIMs is defined
for n EIMs Aj, Ay, ..., A,. Let for s (1 < s <n):

(Vp,)(1<p<q<n)(KPNK?!=L"NL! =)

and
ls,l - ls,j - ls,ns
Ksi|Oheaion o0 Ghonley 0 kol
As: [KS,st{aZi,lj}]: k .
Svi aks,iyls,l e ak’s,ials‘j e akS,ivls,ns
ks,m aks,wmls,l : a‘ks‘m,l&j : aks,sz,ns
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The operation b is defined as:

n n
b{AS|1 <s< n} = [U KS7 U Ls7 {<clgt1,uavl,w’027t2,u:v2,w7 s 7cn7tn,uyvn,w>}}7

s=1 s=1

where for r (1 <r <mn):

Qr,kil;s ift, =k; € K" and v, = lj € LT’
C 7tu7 w = .
e 1,  otherwise.

Therefore, this operation is composed of a new EIM on the basis of n
EIMs. The new EIM contains n-dimensional vectors as elements. By this
reason, we define function dim, giving the dimensionality of the elements
of the EIM A, ie., for the above EIM, the equality dim(A) = n holds.
A modification of this operator is described in [16].

Let X be a set of n-dimensional vectors and

A= [Ka Lv {<allci,ljvaii,ljv R a’zi,lj>}]

be an EIM with elements from the set X. Then for the natural number s > 1:

Iy, ifs>n,
Prs(A4) = )
A, otherwise,
where
As = [Ka L, {aii,z,- }]
and a ;- is the s-th component of vector <a,1%lj,a%ivlj, cey ag,;,l) that is an

element of A.
Now, we can define an operation, that is in some sense opposite of the
operation b. It has the form

8(A) = {@Pry(A)|1 < s < n}.

Let us give an example. Let the EIMs A;, A> have the forms

Then
‘ d e f g i
a|(1,11) (2,1) (1,12) (3, L) (L, 1)
A=b{A1, A} = b| (4, L) (L, 1) (5, 1) (L, 1) (L, 1).
c|(6,1) (7,1) (L,14) (8, 1) (L,13)
h{(L,15) (L, L) (L, L) (L, 1) (L, 1)



24 2 Extended IMs (EIMs)

On the other hand,
8(A) = {@Pr;(A), QPry(A)}

d e f g i d e f g i

all 2 1 3 1L alll L 12 1 1L

=@ b4 L 5 L L |, @] bL L L L L

c|l6 7 L 8 L cll 1 14 1 13

AL L 1 1 1 hil5 L L 1 L
d e f g ‘dfz
_Ja|l 2 L 3 alll 12 L
T ) b4 L5 L7 e|ll 1413
6 7 L 8 hi15 1L L

In [41], the following two (non-standard) operations are defined over two

EIMs.
Let the two EIMs A = [K, L, {ax, ;,}] and B = [P, Q,{bp, 4.}] be given.

The first, simpler, operation is defined by
A®B=|K <P/ L+Q,{Cuuw}l
where here and below for every two arbitrary sets X, Y:
X+Y=X-Y)u(lY - X);
ag;1;, fuy, =k € K—Pandw, =1; € L -Q,
Cupw, = § Uprrger fwy=pr € P—K and w; =q, € Q — L,
1 otherwise.

The second operation is defined by
A%B=[KUP,LUQ,{cu,w};

where
ag, 1, fu, =k € K—Pandw;=1; €L
oru, =k € Kandws =1; € L —Q,

by, .q., fwy=p. € P—K and w; = q5 € Q
orwg=p, € Pand wy =¢q;, € Q — L,

Cuy,wy =
1 otherwise.

In [41] it is proved that:

for every two EIMs A and B, for each operation o, and for operation %

[ ]
defined for every two x,y € X by x xy = e, there are as follows:

A%B: (A@B) @(o) (B@A)v
A%B=Aa.) B;
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e for every two EIMs A and B, for each operation o:
A% B=pr_pr_oAS0) Prr_kqo-LB
A% B= Pri_p LA @) Prknp LA Ow) Prp_k oA
=Py, —QA ®(0) Prr=prrgA ©©) Prpg_rA;

o (M, %, Iy) is a commutative group;
o (M, !2,[) is a commutative monoid.

The visualizations of both operations are shown in Figures 2.1 and 2.2.

L

Q L-Q Q-1L

€o

Figure 2.1. Geometrical interpretation of operation %

L L-Q LNQQ—L
Q K-P o
K
. - KNP e
> P
P-K [

Figure 2.2. Geometrical interpretation of operation !2

2.4 Permanents and determinants of EIMs

As it is well-known, to each standard matrix a number can be juxtaposed,
which is called determinant (see, e.g., [62,63]). Also, it is known that if we
change the places of two rows or two columns of a standard matrix, the
determinant of the new matrix will coincide with the former, but with an
opposite sign (i.e., sign “+” is changed with sign “—” or vice versa). The
same change of two rows or two columns of an IM, however, does not change
the form of the new IM. For example, the two IMs from the example above
satisfy the equality
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or in the case when the IM-elements are real numbers

Of course, we can juxtapose a determinant only to a matrix which ele-
ments are real or complex numbers. Having in mind the above equality, we
can conclude that for IMs there is no possibility to juxtapose a determinant.
On the other hand, to each IM which elements are real or complex numbers,
we can juxtapose a permanent (see, e.g. [64]).

Now, we extend this possibility to each EIM. For this reason, we must
define some evaluating function @ : X — R, such that it is an identity in the
case X = R.

Let
Lo e Ly e,
kilaky by o Gty o Gk,
A=K Lfaw M= |+ 5
Tl ki|ag, 1, - a1 o akg,
km|@ky, 1y c Qs 00 Gkl

be an EIM for the elements of which there exists an evaluating function @.
Let for m <n V. ™(l4, ..., L) be the set of all m-element variations of indices
li,...,l, and for m > n: V2 (kq, ..., ks, ) be the set of all n-element variations
of indices ki, ..., k. Then

> gp(akl,lpl) T qj(akﬂwnlp('rn))7

[Py pm] €V (L1,0000)
if m = card(K) < card(L) =n
perg(A) =

D(ak,, 1) - Plak,, 1,);
[o1 ,...,o‘n]GVJZ(kl,...,km)

if m = card(K) > card(L) = n
or, as it is shown in [71], if m < n, then:
perg (1 (A) = > k) - Plak, )
[1s-00spm] €V, (L1l
(index “r” — from row), and if m > n, then

perg (it (A) = > P(ak,, 1) Plak,, 1)
[o1,ees0n] €V (ks km)

(index “¢” — from column).
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And yet, we can preserve the concept of a determinant by adding an
auxiliary condition. For brevity, here we discuss only the case of a square EIM,
i.e., the sets K and L have equal number of elements. Let us fix the order
of the elements of set K as a vector [ki,...,kn,]. Each of its permutations
kpys- - kp, | will be estimated as odd or even with respect to the vector
[k1,...,km]. Then, the determinant of the EIM A can be defined by

(—D)lerrmld(ay, 4, ) - Dlak,, i),
[plv'“vpm]evw{n(ll7"-vln)
if m = card(K) < card(L) = n;
detgs(A) =

[ = ](c_)l)[m,...,on}@(akvl ,l1) - ds(akgn,ln)v
01,00 |EV (K1, s km

if m = card(K) > card(L) = n,
or, as it is shown in [71], if m < n, then:
det G (A) = > (—1)lerrmld(ay, 4, )+ Dla, 1,
[Pl,m,Pm]GVJ”(ll,~~-,ln)
and if m > n, then
det (10 (A) = Y. plld(ay, ) Dag,, ).
[o1,..c,0n)€EV(K1y o km)
It can be directly seen from the above definitions that for each EIM A
perg (A’) = perg(A4),
dety(A") = detg(A).

In [71] some properties of the IM permanents and determinants are for-
mulated and proved, e.g. the following Lemmas 1, 2, 3.
Lemma 1. Let all elements in one row or column of the EIM A be 0’s. If
m < n, then
detg (0o km (A) = 0 and perg (1t (A) =0,

and if m > n, then

det% E;cll km) (A) =0 and perg5 2?;1177..'..-’7li7>n> (A) =0.
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Lemma 2. If )\ is a real or complex number, then

T (k1. km) _
Aperg (105 (A) = A >
(o1, pm] €V (I ..
o1, pm] EV (1.
ki, ..., km .
Aperg Ezf ..... In) ! (A) = E
(01, y0n] €V (K1,
[0'17-“70'”]6‘/72(1617,__
T
[T km) _
)\dgt G (A) = A E
o1, spm] €V (L.
[p1,-cspm] EV (..
(&
(k1> km) o
Adet (10000 (4) = X 3
[01,..,on]€VR(k1,...
[015ees0n] EV (K1, K,

)

D(aky 1,,) Pk 1oy

)

)\@(akhl ) e @(ak

P1L
idn)

P(ak, 1y) -
Vk’n’l)

AD(ak,, 1)
)k’fn)

me(m))

P(ak, 1.),

P(ag,, 1,),

(—n)lerpmld(ag, ) Dlag, 1)
1n)

(=D)lrrmlnd(ar, g,,) - - - Pla

mrlom)

(—1)lronld(ay, 1) Plax,, 1,)
o)

(1)l \D(a,, 4,) - Dlan,, 1)
k

Lemma 3. Let A be a real or complex number and let for every two different

indices k,, k, € K and for all indices ;

O, 1

€ L:

= )\akij

for the elements ay, i,, Aag, 1, of the IM A. Then

pery (i1 iy (4) =0,
perg (it (A) =0,
detg G uy (A) =0,
detg G (A) = 0.

Here, we extend the results from [71] to the case of EIMs.
Corollary. The above four equalities are valid when A = 0 (i.e., when in the
EIM there is a row or column which elements are only 0’s) and when A =1
(i.e., when in A there are two rows or columns which elements are paitwise

equal).
Finally, we will mention that in [71-73] solutions of the equations
A Do) X =B,
A ®(o) X = B7

Ao X

=B
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are obtained, when A, B and X are IMs over the set of real numbers and
when they are IFIMs. At the moment, an Open Problem is: what are the
solutions of the equality

AOps« X =B

when A, B and X are from one of both above types: IMs whose elements are
real numbers or IFIMs.

2.5 Relations over EIMs

Let the two IMs A = [K,L,{ax,}] and B = [P,Q,{bp q}] be given, where
ap; € X, bpq € YV, and K,L,P,QQ C Z. Let R; and R,, be a strict and a
non-strict relations over X x ), respectively.

We introduce the following definitions, where C and C denote the relations
“strong inclusion” and “weak inclusion” over standard sets.

The first two relations from Section 1.3 keep their form, while, the rest
four definitions are valid only if there are two relations R; and R,, — a strict
and a non-strict one — defined over X x ).

Then, for EIMs, the definitions for relations over EIMs obtain respectively
one of the following forms.

The strict relation “inclusion about value” is

A C, Biff (K = P)&(L = Q)&(Vk € K)(VI € L)(Rs(ar.1,bx,)).
The non-strict relation “inclusion about value” is

A C, Biff (K = P)&(L = Q)&(Vk € K)(Vl € L)(Ry(ax.,bx,)).
The strict relation “inclusion” is

AC, Biff (KCcP)&(LC@Q)) VvV (KCP)&(LcCQ))
V(K CP)&(LCQ)) & (Vk e K)(VI € L)(Rq(ak, bk.1))-

The non-strict relation “inclusion” is

AC. Biff (K C P)&(L C Q)&(vk € K)(VI € L)(Ru(ars, br)).

2.6 Hierarchical IMs

A special case of EIMs are IMs some (or all) elements of which are also IMs.
Fiollowing [14], we will call these IMs hierarchical IMs (HIMs). Obviously,
none of the different types IMs listed in Chapter 1 can be a HIM.

In [20], two hierarchical operators are defined over HIMs. They are
applicable onto HIMs, i.e., onto EIM, when their elements are not only num-
bers, variables, etc., but also whole IMs. First, we give the definitions of these
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operators and after this we will define a new form of a hierarchical operator
over HIMs. In Chapter 3 we will repeat the definition of this operator over

an n-dimensional HIM.
Let A be a HIM and let its element ay, ;, be an IM by itself:

Aky,ly = [Pan {bpr,qs }]a
where 1 <r <z,1 <s<yand
KNP=LNQE=2.
The first hierarchical operator is

Al(ary1,) = [(K = {ks}) U P (L= {l}) UQ:{ct, v, 1,
where
ap,1;, f tu =k € K —{ky} and v, = I; € L — {l,},
Ctyvw = & Oprge, ifty =pr € Pand vy = ¢ € Q, ,

1, otherwise

and when ay, ;; are real numbers, the symbol L can be changed with 0.
Let us assume that in the case when ay 1.1, 18 not an element of IM A,
then
A|(akf’lg) = A

From the first definition of a hierarchical operator it follows that

L oo gy @ gy lyy1 -+

k1 Aky,ly 0 Gkl o - 0 Aky,lgr "7 Gkl

kp1laks i - kp_rgy_y O o 00 @k g Gy,
D1 o .- 0 bpr.ar =+ bpig, 0 e 0
Moea)= ") DD T e D
Dz o .- 0 bp..qi = bpa.a, 0 e 0

kf-i'l Akpiqly " Qkpiq,lg_q o - 0 Akpirlgrr ~° " Qkyppq,ly

ko | @ty o Okptyy 00 e 00 Apg gy AR,

From this form of the IM A(ag,,) we see that for the hierarchical op-
erator the following assertion holds. Let A be a HIM and let ay,;, be its
element. Then

A|(akf,lg) = (A [{ks}, {lg},{0}]) & Qg lg-
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In [20], the first hierarchical operator is modified so that all the informa-
tion from the HIMs, participating in it, is preserved. The new — second —
form of this operator for the above defined HIM A and its fixed element is:

*
Al*(ak,,)
Lo o g o g ly1 o L
T I A o P R T
ky—1 Aky_1ly 7 Qky_q,lgy Qkp_1,lg ~° " Qky_q,lg Oky_y1lgrr """ Qhkypoq,ly,
Y4 Akyp,ly "0 Qkglg o bm,th bpl»gy Akplgpr 77 Qkyly,
Pe | kgl o Gkglyy o bpoagr cr Dpog, Okplgn o Gk,
ki Okpiily ©0 Qkpyalgon Qkpyaly 77 Qhpyaly Qhpprlgrn "0 Qkppln
sz akm,yll e a’k7nalg—1 aknulg e a‘knulg ak771;lg+1 e akan

Now, the following assertion is valid. Let A be a HIM and let ay, ;, be its
element. Then

Al*(aks1,) = (A [k} {lg}h, {0}) © arpa, & [P L —{lg} {car 1, }]
@ [K - {kf}’ Q7 {dki,zll}])

where for each 2’ € P and for each [; € L —{l,},
Carl; = Qg 1

and for each k; € K — {ky} and for each 2’ € Q,
i, 20 = Qg 1,

We, following [20], can give other representations of IMs A|(ax,,1,) and
Al*(ag, 1,), using other operations defined over IMs.

Let A be an IM and let ay, il be its element. Then we can prove that the
following equalities are valid:

Allars1y) = Pre—gi,y,0—{1,3A © Q1,5
Al (aky 1) = Pr—gi,y,0—-(1,3A © arpt, ® [P L —{lg}, {cau, ]
@ [K - {kf}v Qa {dkz‘,y}L

where Car 1, and dy, ,» satisfy the above equalities.
Here, following [28], we discuss a 2-dimensional HIM each element of which
is a HIM and an operator that modifies this HIM to a standard EIM.
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Let A = [K,L,{ax,,}] be an HIM, where K = {ki,ka,..., kp}, L =
{li,l2,...,1p}, and for 1 <i <m,and 1 < j < n:ayg,;; € X. Let each its
element ay, ; be a HIM by itself:

Akyty = [Prsitys Qrypiiys 10k 1y pu.a0 s
where 1 < f<m,1<g<n, 1<u<rs,, 1 <v <55, and
Prp iy = APkpig1s - Phyilyirsy b
Qkf,lg = {Qkf,lg,la .. -quf,lg,s]c,g},
KNPy, =LNQg, =2 (2.1)
and for every four indices kf, kn,ly,l; € I:
Prpa, N Py, = Qrypa, N Qryt, = 9. (2.2)

The new (third) hierarchical operator is defined by

Al* =
Qky,lh,1 " Gkilisia 00 ko sln ;1 e Qkm,ln,5m.n
Pk iy 1 Aky,l0,1,1 " Q1,810 "0 0 0
Pkili,riq |Qkelir1,1 00 Qkylira,s1,1 0 0 cee 0
pkanal 0 T 0 T a’knulnylyl T ak7n7l717173m,n
Pkl imn 0 e 0 7 N R B A S

We see that conditions (2.1) and (2.2) are important for the correctness
of the definition.
For example, if

A= k1 ai,1
ko @21
where
q1,1 91,2
b b g42,1 92,2 42,3
_ P1,1|011 012 _
ay1 = bo+ boo’ a12 = P2,1|€C1,1 C1,2 C1,3,
P1.2\02,1 92,2 P2,2|C2,1 C2,2 C23
D1,3|b3,1 b3 2 L

g4,1 44,2

_ 43,1 _ DPaale1n €12
az1 = di az 2 = )
P3.1|011 Pa2|€21 €22

P4a3|€31 €32
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qs5,1
_ _ g6,1 46,2
a31 = ps1|fi,1, as2= ,
P6,1191,1 91,2

then

d1,1 91,2 92,1 92,2 42,3 43,1 94,1 94,2 45,1 46,1 G6,2

P11 bl,l bl)g 0 0 0 0 0 0 0 0 0

pi2| baibao 0O O 0 0 O O O O O

pi3| b3ibz2 O O 0 0 O O O O O

P21 0 0 €11 C12 C1,3 0 0 0 0 0 0

P22/ 0 0 cy1c22c3 0 0 0 0 0 O
A*=p3sl 0 0 0 0 0dyy O 0 0 0O 0.

P41 0 0 0 0 0 0 €1,1 €1,2 0 0 0

D42 0 0 0 0 0 0 €21 €22 0 0 0

P4,3 0 0 0 0 0 0 €3,1 €3,2 0 0 0

psa] 0 0 O O O O O O f1; 0 O

ps2l 0 0 0O O O O O O feq O O

psil 00 0 0 0 0 0 0 0 gi1612

Now, keeping condition (2.1), we can change condition (2.2) with the
weaker one: for every four indices k¢, k, € Z* and ly,l; € 7%, and x the
standard Cartesian product,

Prsiy X Qrpiy N Pty X Qry 1, = 9,

i.e., there is no pair of indices that is found in two different a-IMs that are
elements of the given HIM A.

In this case, if there are two or more p-indices in A|* that coincide, all
members of the rows with these indices are written on the respective places
in the first row with coinciding indices. Obviously, there are no two elements,
that stay on one and the same place, because they are members of different
HIMs.

After this, if there are two or more g-indices in A[* that coincide, all
members of the columns with these indices are written on the respective
places in the first column with coinciding indices. Obviously, again, there are
no two elements, that stay on one and the same place.

For example, for the HIM A from the above example, if

‘QZ,l q2,2 92,3
_ _ Paa|€11 €12
a1,2 = P1,2|€1,1 €1,2 €1,3, A22 = ,
Pa2(€2,1 €22
D2,2|C2,1 C2,2 C23
D4,3|€3,1 €32

q2,1
az1 = pailf 39 = q1,1 41,2
1= P31|J1,1, 2 = )
P6,1|91,1 91,2

D32 f2,1
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then

q1,1 91,2421 92,2 92,3 43,1 44,1 94,2
pia| big b1 O 0 0 O 0 O

pr2| be1 b2a 0 0O 0 0 0 O
p13| bsi bs2 0 0O 0 0 0 O
p21l 0 0 cr1c12c13 0 0 0
Al* = p22| O 0 c21¢2c3 0 0 0.
P31 0 0 0 f1}1 0 d1’1 0 0
ps2l 0 0 0 for 0 0 ernenp
P42 0 0 0 0 0 0 €2,1 €22
Pas3 0 0 0 0 0 0 €3,1 €3,2
pei| 911 g12 0 0 0O O 0O O

The next two assertions are proved in [28].
Let A= [K, L, {ag, ,}] be an HIM and let each of its elements ay, 1, be

an IM. Then ’
Al* = Z ak)fJga

1 f m
1 g n

INIA
INIA

where symbol ) denotes the generalization of the operation addition @ ).
Here, the sub-operation o of the operation addition @ is omitted from ),
because it will be applied over no pair of elements of the a-IMs.

2.7 Examples from graph theory. Part 1

Let us have the following oriented graph in Figure 2.3.

g h

Figure 2.3. An example of an oriented graph

For it, we can construct the adjacency matrix of the graph as an IM whose
elements are from the set {0, 1}:
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a b c de f g h

al0 OO0 01 0 0O
b|0 00O O 1 0 0 O
c/0 0001 100
A=d|{0 0 0 0 01 0 0.
elO OO0 O0O0O0 11
f10 0000 0 01
g0 00O OO0 0O
h{O 0O OO O O OO

Obviously, the IM A in this form is more complex than the standard
(adjacency) matrix representing this graph, because both matrices are coded
by 64 symbols with 0’s or 1’s, but the IM has additional 16 alphabetic symbols
— the indices of its rows and columns. But having in mind that the columns
indexed by a,b, ¢,d and the rows, indexed by g, h contain only zeros and do
not give any important information, we can transform the adjacency IM to
the form

e f g h
a1l 0 0 O
b1 0 0 O
B=—¢[1 0 0 0,
dijo 1 1 0
el0 0 1 1
flo o 0 1

in which we omit the columns for the initial vertices and the rows for the final
vertices, respectively. This new (0,1)-IM B can be called “reduced adjacency
IM”. Obviously, it contains only 34 symbols (24 symbols with 0’s or 1’s and
10 alphabet symbols). Therefore, the use of IMs for graph representation of
is appropriate. In [20] it is shown that the IM representation of the graphs
preserves all possibilities of standard matrix representation. So, below we will
use IMs.

Obviouly, the demonstrated reduction is impossible for non-oriented
graphs, but if we have a graph with two or more components, then the
IM-representation will again be better. For example, if we have the two-
component graph from Figure 2.4, it will again have a standard 8 x 8 adja-
cency matrix, while its representation of an adjacency IM will be

a b f

d [

Figure 2.4. An example of a two-component graph
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a b c d
al0 0 1 0
b|0O 0 1 0
cll 1 0 1
dlo 010
el0O O 1 0

i.e., in the first case the matrix will again contains 64 elements (digits 0 or
1), while in the second case — only 50 elements (34 = 25 4 9 digits and 16 =
10 + 6 letters).

An important question is whether the IM-representation of the graphs
is correct. Really, we see how the immediate neighbouring vertices of the
graph are connected, but we must check the basic property of the standard
adjacency matrix X, that the elements of the multiplication X? = X x X
represent the connections between the vertices through one step (see, e.g.,
[60]). Using the operation ®(max,min) We obtain for the above (0,1)-IM B

32 =B <D(max,min) B

e f g h e f g h e f g h
a|l1 0 0 0 all 0 0 O al0 0 1 1
b|1 0 0 0O b|1 0 0 0 b|0O 0 1 1
=¢c[1 0 0 0 Oumaxmmmy ¢[1 0 0 0 =¢c|0 0 1 1.
dlo 1 1 0 0110 dlo o 0 1
el0 0 1 1 el0 01 1 €[00 0 0
flo o o 1 floo o1 fl0 00O

Obviously, this result corresponds to the result for the standard adjacency
matrix. Now, as above, we can decrease the latest IM to the form

but in this reduction we lose information about the vertices e and f. So, it
will be more appropriate to use a weaker reduction in the form

g h

B? =

S 0O Q.0 0‘@‘
OO DO ==
O O = ==
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or

h
1
1.
1
1

Obviously, in both cases we use equal (8) number of letters, but in the
first case we use 12 digits, while in the second case — 16.

Now, we illustrate the results of the applications of different operations
over (0,1)-IMs, that represent some oriented graphs. Let us have the graph
C from Figure 2.5.

a b

c d

e f
g

Figure 2.5. Graph C

Its (0,1)-IM (in the reduced form, i.e., after omission of the row indexed
by g) is

c d e f g
all 0 0 0 O
b1 1 0 0 O
C=1¢|/0 0 1 1 0.
dlo 0010
el0O 0 0 0 1
fl0 0 0 0 1
Then, we calculate:
c d e f g
al0 01 1 0
bj0 0 1 1 O
C? = C Opmaxmiy C= ¢|[0 0 0 0 1
dl0 0 0 0 1
el0 OO0 0 O
fl00 0 0 O

As in the previous example, we can reduce the (0,1)-IM C? to the form
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C? =

It is interesting to note that

c d e f g
al0 0 0 0 1
b|0 0 0 0 1

C Opmax,min) C>= ¢|0 0 0 0 0 =C?Opmax,min) C-
dj0 0 0 0 0
el0 00 0 0
flo0 00 0

Therefore,
C <D(ma,x,min) 02 = CS = 02 ®(max,min) C.

We see that the resultant (0,1)-IM can be reduced to

=

— =

a
b

Of course, in this case we lose information about the remaining vertices
of the graph.

Let us have the oriented graph D from Figure 2.6.
a b c

e f
Figure 2.6. Graph D

Its adjacency (0, 1)-IM is

a b cd e f
al0 001 0 O
b|0 00 1 0 O

D=¢/0 0010 0.
dlo 000 1 1
el0 000 0 O
fl10O 000 0 O
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Let us construct a graph, that is a result of operation substitution
{%%, %ﬂ over graph D, then we obtain the graph F from Figure 2.7 with

adjacency (0, 1)-IM:

=

Il
S0 QSO e
OO OO OO
OO O o oo
[l ol el vl an BN an] I ]
O OO ==
SO RO OO0
SO = OO O

Il

e 1
Figure 2.7. Graph FE

If we would like to unite the graphs C' and F, we obtain the graph with
the form from Figure 2.8 and with the (reduced) (0,1)-IM

a b h

Figure 2.8. Graph C ©(yax) F
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c 69(rn'a»x) E=

OO OO D
— O O O O~
S OO = OO

OO = O Ol

_ -0 O O Ol

OO = OO O

SN 0O /O R

0 0 00

The (0,1)-IM that is a result of operation “termwise multiplication” with
sub-operations “max” and “min”, respectively, over (0,1)-IMs C and F is

d e d e

all O al0 0

C ®(max) E= bl1 o and c ®(min) E = bl1 o
dl0o 1 dlo 1

and these IMs have, respectively, the graph-forms from Figure 2.9.

a b ae b
d d

and
e e

Figure 2.9. Graph C ®(yax) F and graph C @ pin) F

In addition, we mention that the graph-representation of the (0, 1)-IM

c d e f g 1
alO 0O 0O 0 0 O
b0 1 0 0 0 O
cl0O OO O 00O
COmm E= 310 01 0 0 0
el0 OO O OO
f10 0 0 0O 0O
h{0O 0 O O 0 O
and in the reduced form
d e
C@(min)EZ b1 0
dlo 1

i.e., the graph form is given in Figure 2.10.
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b

€

Figure 2.10. Graph C' ©(yin) £

The operation & can be illustrated, e.g., as follows:

CoFE=

while

i
h| 0"

EolC=

If we would like to omit some vertex of a graph, we can do this, using
operation “reduction”. For example,

Claa) =

O OO = O
OO OO0
OO = O O
——_0 O Ol

\mo@@‘

This (0,1)-IM has the graph-representation from Figure 2.11.

a b

c

e f
g

Figure 2.11. Graph C(q,q)

Now, we illustrate operation © ). Let us have graphs G and H from
Figure 2.12.
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G a H T
A\ ./\
b c d Y z

Figure 2.12. Graphs G and H

Let us add to each of the lower vertices of G new graphs with the form
of H and let the vertices of these new graphs be the triples (b,p, q), (¢, 7, s)
and (d,t,u) that will replace vertices (z, v, z), respectively. Then, we obtain
the graph J from Figure 2.13, which has the (0, 1)-IM-representation

bpq crs dtgq
=600 ([532] # o (252 o [552] 1)

a

Figure 2.13. Graph J

Of course, if, for example, the graph C' is not oriented, then its adjacency
(0, 1)-IM has the form

a b c de f
al0 00 1 00
b|0O 0 01 0 O
c/0 001 0 0,
djl1 1101 1
el0 001 0 0
f10 001 0 O

while, if we add to it, for example, the arc (a,e), its adjacency (0, 1)-IM
obtains the form

a b c d e
al0O 00O 1 1 0
b0 0 0 1 0 O
cl0O 001 0 O
dill1 1.1 0 1 1
ell1 00 1 0 O
flooo 100
If the graph has a loop, e.g., (b,b), then its adjacency (0, 1)-IM has the

form
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a b c d e f
al0 00 1 10
b|0 1 01 0 O
cl0O 001 0 0.
difl1 11 0 1 1
e/l 00 1 0 O
f10 001 0 O

Finally, let us have a graph, for example, with only three vertices a, b, c
and three arcs and let the arcs be coloured blue, green and red. Then its
representation will be

‘ a b c
G- ¢ L blue red
" b|blue L green’

c|lred green L

It is obvious that IM G is not numerical, i.e., it does not have the type of
matrices considered in Chapter 1, and is only like the IMs considered in this
chapter, i.e., it is an EIM.
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n-Dimensional Index Matrices (n-DIM):

definitions and examples

Following [20], we will first give a definition of a 3-dimensional index matrix
and after this we will extend it to n dimensions for n > 4. This part of the
present chapter contains new results or ones published after [20]. All IMs here

can be considered as EIMs.

3.1 3-DIMs

Let 7 be a fixed set of indices and X be a fixed set of objects. Following [19,20],
we call “3-DIM” with index sets K, L and H (K, L, H C T) the object:

he| & I L
_ kila ag. 1. a
[K, L, H, {a'kq;,lj,hg }] = 1| @ka,li,hy k1,lj,hg k1,ln,hg | hg cH
km akwmlhh’g e a'kmrvljﬁhg akm,vlnahg
hi| Iy l; I
= J k1|akyiym Ay 15, hy Aley L by
- b
L T Uk 1,k Ayl sy
ha | Iy I I
k1| aky iy,hs Aley 15, ho Ay Ly, hs
9 b
Km | @k, 11,hs Aoy 15, hio Al Ly
hy | b l; I
k1 Ak ,lq,hy QAky,lj,h¢ QAky,ln,hy
b
km ak‘-m,ll,hf ak7n,7ljyhf akn’mln»hf
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WhereK:{kl,kQ,...,km}, L:{lhlg,...,ln}, Hz{hl,hg,...,hf}, and
forlgigm,1§j§n,1§g§f:aki,lj,hgEX.

3.2 Operations over 3-DIMs

As we saw in Section 1.5, there are 2 (= 2!) IMs, related to the operation
“transposition”: the standard IM and its transposed IM. For 3-DIMs, we will
see below that there are 6 (=3!) cases: the standard 3-DIM and five different
transposed 3-DIMs.

First, we will discuss the case n = 3 and after this, the general case. The
geometrical and analytical forms of the separate transposed 3DIMs are the
following.

Let [1,2,3] be the standard permutation (identity) corresponds to the
standard 3-DIM, i.e.,

[1,2,3]

The remaining permutations will correspond to the respective transposi-
tions, as follows:

(K, L, H,{ak, 1 n, N23 = (K, L, H, {ak, ;, hy })-

J Jo
[1, 3, 2]-transposition

[1,3,2]

[Kv L,H, {aki,lj,hg }][173’2] = [Ka H, Lv {aki»hgalj }]7



3.2 Operations over 3-DIMs
[2, 1, 3]-transposition

[2,1,3]

(K, L, H, {ay, 1,5, 1> = [L, K, H,{ai, 3, .n, });

[2, 3, 1]-transposition

[2,3,1]

[K7 L, H, {ak'i7lj7hg }][27371] = [L7 H, K, {alj«,hg)ki}];

[3,1, 2]-transposition

[3,1,2]

[Kv L,H, {aki,lj,h_q }][371)2] = [Hv Ka Lv {ahg,ki,lj }]7

[3, 2, 1]-transposition

(3,2,1]

[K7L,H, {ak }][37271] - [H7L7Ka {a'hg,lj,ki}]'

i,lj,hg

47
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For the 3-DIMs A = [K, L, H,{ay, 1, n,}], B = [P,Q, R, {bp, q..cq}], OP-
erations that are analogous of the usual matrix operations of addition and
multiplication are defined, as well as other, specific ones.

Addition
A@(o) B = [KUP,LUQ,HUR, {Ctuvatmy}],
where
Ctu,ﬂ/wvry
Ak 15 hy s ifty,=ki€e K,vy,=l;€Landzy,=h;€ H-R
orty,=ki€cK,v,=l€L-Qandxy=hgc H
orty,=ki€c K—-P,vy,=Ilj€Landxy=h,€ H
by, .qe.eas ifty=p € P,vy=¢qs €Qandz, =e4 € R— H

orty,=pr€P,vy=¢€Q—Landzr,=e5E€R
orty=pr€P-K,vy,=qg;€Qandzy,=eq€R

Ay 15,y Obpr,qs,el“iftu =k; =p, € KN P,y :lj = (s ELﬂQ
and zy = hy =eq € HNR

€o, otherwise

Termwise multiplication
ARy B=[KNP,LNQ,HNR,{ct, v,,}]

where

Ctuﬂ)wyzy = ak’ivl]‘vhg © prv(Is s€d)

forty=ki=p,€e KNPv,=lj=qg.€ LNQ and vy =hy=eq € HNR.

Multiplication

This operation is related to the operation “transposition”. There are six
different operations “multiplication”. Geometrically, the first (standard) mul-
tiplication has the following form
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Above, we kept the previous notations for the components of 3-DIMs A

and B by analogy with their 2-dimensional alternatives. Below we will start
using another notation for the components of these IMs, corresponding to
the general case when n > 3.

Let [a, 8,7] be a permutation of the ordered triple [1,2, 3]. In [20], there

are five different operations “multiplication”. Let the 3-DEIMs

A= [Kh KZ; K37 {akl,sl k2, s9,k3, 55 }]
B= [le Ly, Ls, {bh,tl NERPRIERN }]

be given.

Operation [a, 3, ~]-multiplication is defined in [20] by:

ACGS B = A0 B,

where the first (standard) multiplication operation ©, ,) is:

A Q%o,*) B = [Kl U (Ll - KQ), L2 U (KQ - Ll), K3 @] Lg, {Cpl,ql \P2,455P3,q5 }],

where

CpL!n »P2,Q9:P3,q3

Ay oy k2, oy ks og 0 if p1g, = k1,5, € K1
and pa g, = ko5, €EKo—L1—Lo
and P3,q3 = k3,53 € K3
or P1.q; = kl,sl E‘Kvl _L1 —Lg
and pa g, = ko s, € K>
and P3,q5 = k3753 S Kg;

bll,t17l2,t27l3,t3’ if P1,gn = ll,tl €Ly
and P2,qo = 127t2 ELQ*KlfKQ
and P3,qs = 137t3 € Lj
Or P1,q, = ll,tl cli—Ki{—K>y
and pa g, = la4, € Lo
and P3,q5 = l37t3 € L3;

o] 3 _—
Frag oty AR oy iz ks oy * DLt oy o iyl iy) 1 P1g = K1,sy € K
E€EKaNLy and P2,g = lgyt2 € Ly

and p3 g, =k3,s, =134, € K3 N L3;

€o, otherwise.

Now, following [29], we introduce two other operations “multiplication”.

The second operation “multiplication”

Let o, 8,7,6,6,C € {1,2,3},a # B # 7 # a,0 # £ # (#6. Then

A Q%o,*,a,g) B = [Kom L, {Cpl,ql \P2,q9 }]a
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where

Cpl,(n »P2,q0

o (ak1,51>k2,s2,k3,53 * bll,tngZ,tggZS,t3)7
kg,sg =lsts € KgNLs if pr.g; = ka,s, € Ko
— Koysny =lejte € Ky M Le

and pa g, = lct. € L¢;

€o, otherwise.

Therefore, this operation generates a 2-DEIM, i.e., decreases the number
of dimensions.

The numbers « and ¢ in the record ®o «,a,¢) mean that the a-component
of the first 3-DEIM and the (-component of the second 3-DEIM are used as
the two components of the new 2-DEIM. These two components are inter-
preted as the first and last components of the new 2-DEIM.

Third operation “multiplication”
Let a,8,7,0,6,C € {1,2,3},a £ B # 7 # 0,0 £ # C # 6. Then
A Q?o,*,ry,(s) B = [Ka, Kpg, Le, L, {cpl,ql 1D2,q5 1P3,q3 P4,q4 H

where

Cplwa sP2,q995P3,93,P4,q4

k—y,,gv:l(s,toéEer‘gLaécl'”’kQ‘sz’k&% * bll,t17l2,t27l3,t3)’ if Pr,qs = kOuSa € Kq
and pa,q, = ks, € Kp

- and ps g, = ler. € Le

and py g, = ¢t € L¢

€0, otherwise

Therefore, this operation generates a 4-DEIM, i.e., it increases the number
of dimensions.

Numbers v and § in the record @?07*) +,5) mean that the two components
«a and (8 of the first 3-DEIM and the two components € and ¢ of the second
3-DEIM are used as the four components of the resultant 4-DEIM.

Structural subtraction

Ao B= [K 7P7L7 QaH - Ra {Ctu,va,my}]a

“_»

where is the set-theoretic operation “subtraction” and ci, v,2, =

Ak, 15 hys fOT ty = ki € K — Pv, =1l; € L—Q and 2, = hy, € H — R.
Operation o with a constant
aoA=[K,L H, {aoaki,ljyhg}},

where « is a constant and o — a suitable operation, e.g., o € {+,—,.,:}.



3.3 Definition of an n-Dimensional EIM (n-DEIM) 51

3.3 Definition of an n-Dimensional EIM

An n-Dimensional EIM (n-DEIM) with index sets K1, Ko, ..., K, (K1, Ko, . ..
K,, C7T*) and elements from set X is called the object:

where Ki = {ki717k‘i727"'7ki7m1‘}7 m; > 1 and a'k1.31,k2,52,--

A= [Kla KQa ceey Kna {akl,sl k250 sk, sy H

€ X for

<7kn,sn

1<i<nand1<s; <m; Itisintroduced in [29].
The n-DEIM A has the following w different representations as a

2-DIM:

(k3,555 -1 kn,s,) ko1 . k2 m,
k171 Aky1,k2,1,k3,6550kn,s 0 Qk11,k2,mo k3,55, kn, sy
kl,i QAky 5,k2,1,k3,6553kn,s  * 00 Vk1i,k2,mg k3,65, kn, sy,
klaml a'kl.m,l7k2,17k73,537--<7kn,sn e a'kl.m,l7k2,7n27k3,337---7kn,5n
| <k‘.3733a .. ’k”73n> 6 K3 X - X Kn}
<k1,sla ey kn—2,sn,2> kn,l
k‘n,171 Aky opyeiskn_2.5, okn_1,1,kn1
knfl,i Akt oy yooskn_2,s, o kn—1,ikn1
kn717m'n.71 Aky oy yeoskin—2.s, o kn—1,m,_1,kn1
kn,m”

ALy o, seeskn—2.5, o kn—1,1,kn,mn

Ak opyoikn—2,s,, o kn—1,ikn mn

© Qky oy yekn_2,s, _gkn—1,m, 1 kn,mp,

| <k1,517"-7kn—2,sn_2> € Ky x---x Kn—Z}-

)



52 3 n-Dimensional Index Matrices (n-DIM): definitions and examples

3.4 Operations over n-DEIMs

Here, we introduce the basic operations over n-DEIMs, by analogy with [29,
37] and with the previous sections.
Let us have two n-DEIMs A from section 3.3 and

B = [Lla LZ» cey an {bll,tl A2ty sesln,ty, }]
Let everywhere below i be a natural number for which 1 < i < n. Follow-

ing [29], we introduce the following operations over A and B.

Operation “Addition”
A @(o) B = [Kl U Ll7 K2 U LQ, ceey Kn U Ln, {Cpl,ql P2,q9 - 3Pn.qn H,

where
Cpl,ql »P2,q55--sPn,qn

if for each i: p; q, = ki s, € K;
and there exists ¢ such that k; 5, & L;;

a’kl,sl 7k2,52 ;~<~7kn,s” ?

if for each i: p; ¢, = li s, € K;
and there exists ¢ such that [, ;, & K;;

bl1,t,1 L2,tg s olnty,

if for each i: p; ¢, = ki s, = lig,
e K; N L

Akt o) k2,59, rkn,sn © bll,tl A2ty sesln,ty

€o, otherwise

Operation “Termwise multiplication”
A ®(o) B = [Kl n Ll, KQ n LQ, ceny Kn N Ln7 {cpl,ql7172,q2a-~717n,qn H,

where

Cp1 gy P2 Prsan = Wk,ay k2 ey reoskinon © Ol iy o iyl
for each 1, Pig; = kivsi = liii e K;NL;.
Operation “Multiplication”

Here we will discuss only one of the possible cases for this operation.

Let A and B be the two n-DEIM from Section 1.3. Then we define one of
the possible general cases for operation multiplication. It includes the first,
third and the partial case of the second new operations introduced in Section
3.2. By the moment, an Open Problem which is the general form for the
second multiplication.

Let us define the symbol J;.,7 that means “there is at least one and no
more than n — 1 values of i” that we will use in the next definition and in
some definitions in the next chapters.
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Let c and d are two natural numbers for which 1 <¢<n—-1,0<d <n-2
and ¢+ d <n — 1. Then we obtain the following (2¢ + d)-DEIM

A ®(O,*,c,d) B: [Kla sty Kc,Kn—d-‘rl ) Lla sty Kn U Lda Ln—c-‘rla ety Lna

{Cpl,ql P2,q95+3P2e+d, a9, g }]’

where

Cpl,ql P2,q25P2e+d,q3.4 4

it (Vi)(ki € Ki) & (31=2nj)(k; & U Ly)

I'Cs

akl,sl 7k2,52 ;-<~7kn,s" ?

i=1

i (7)1 € L) & Gread) (s # U K))

I PSP P
1

T (7N S S X PUP SR M P
Fetl,s0pq = lat1,tgyq € Ket1 N iy if P1gn = kl,sl eKy,... yPe,qe = kc,sc eK.
kr—dys,_q = n—city_o€En—aNLln_c Pe+1,gc41 = kn—d+1,s”,d+1

= =l € Kn—gt1N Ly

DPe+d,qera = kn,sn = ld,td c Kn N Ld
pc+d+1,qc+d+1 :ln—c+1,tn,c+1€Ln—c+1

p2c+d7q20+d :ln7tn € Ln;

€0, otherwise.

Operation “Structural subtraction”
A o B = [Kl — Ll, K2 — LQ, ey Kn — Ln, {Cpl,ql P2,q9 -2 Pn.an }],

where

C;D1,q1 sP2,q95-9Pn,qn = akl,sl7k2,527---7kn,sn
for each i, p; 4, = ki s, € K; — L;.

Operation o with a constant
aod = [Klﬂ K, ... Ky, {a Ok 5y k2,505 kn,sp, }]7

where «, as in the previous chapters, is a constant and o — a suitable operation
depending on the type of A
Operation “Projection”
Let Lz - KZ Then,
prLl,Lg,.u,LnA = [le L27 sy an {bll,t17l2,t27---aln,tn }]7
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where
O T P 7 S S

for each i for which l;;, = k; 5, € L;.

Operations “Reduction” over an n-DEIM

First, we introduce operation (L,...,L,k;s,,L,...,L)-reduction of a
given n-DEIM A by
AL Lk Ly L)

= [Kla R Ki—la KZ - {ki,si}v Ki+17 R KTH {Cpl,ql »P2,q5 5+ Pn,an H

where _
Cpl,ql sP2,q95--sPn,qn a’kl,sl 7k2,52 7--'7kn,sn

and pjq = kjs; € Kj for 1 < j < nand j # i; and p;, = k;» € K; for
1<r<m;andr#s;.

Second, we define

Alkr py Foapgreorbinpn) = O (AL 1) (LK g Lo 1) ) (Lo Lo )

= [Kl - {kl,m}a Ky - {k2,p2}a vy K — {kn,pn}v {Cm,ql \P2,q5 5 Pnan }]a

where
Cp1,qyP2.q05Prian — Ok1,51:k2,50, - kn,sn

and for each i: p; 4, = kis, € K; — {kip, } and 1 < p; 4, <m,.
Third, let for each i: L; = {l; 4, li.qas - - - ’li:Qri} C K;, where 1 < r; < m;.
Now, we define the following operations:

AL, L Lyt L)

= (o (AL Lligy Lo ) (Lo Ll s Lo 1)) ) (Lo Ll gy L 1)

Ay Lonn) = (o (A Ly 1) (L Loy Ly 1)) 7 ) (L Lo L)
Operations “Substitution”
Let the n-DEIM A be given.
First, local substitution of an index of A is defined for the pairs of indices’

(11, p k1,p,) and/or (lap,, ko p,) and/or --- and/or (I, p., , kn,p, ), respectively,
for arbitrary indices p; (1 < p; < my), by

[1- LE2S } A= [ZLPI -L...*L} A
) kl’pl k17p1 Y ) )

= [(K1 = {k1p, ) U{lip, b Koy oo Ky {ay o kg, 5

! Here we give two different notations — a new one and the older notation, used
in [20].
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[2- L2 ] A= [J; L2 J.'...'J.} A
) kQ’pQ ) k2’p27 ) Y

= [Kh (K2_{k2,p2}) U {12,102}7 Ks, ..., Ky, {ak1,515k2,527~-~7kn,sn }} 5

Ly ln
|:TL, 7Pn,:|A |:J_,7J_’ 7Pn,:|
k”hpn k”hpn
- I:Kla K27 ceey K’rb—la Kn_{k’ﬂJ)n }) U {ln,Pn,}v {a’kl,sl 7k2,52 1-~7kn,sn }] :

Second,

oty R Ul ol R K
AL 22 A= |G 2= n;—| A
|:k‘l1,p1 k2,p2 kmpn kl ko kn
I I ln
= |—; ;.. L | L= e L — A
[k17 ) b ] [ ) k27 b b ] { b ) ) ) kn}
= [(K1 = {k1p, }) U{lip, ) (K2 = {k2p, }) U{lopts - oo,
(Kn - {kn;pn}) U {l",Pn}’ {ak1,517k2,527-~7kn,sn }]

Third, let the sets of indices Li, Lo, ..., L, be given, where card(L;) =
card(K;). For them we define sequentially:

[z’;%}A: {J_ S Likeils L}A

s lin Lo lim;
- {Z’ ki1 kiz kim; A

_ . s dia Lo Liymy
- [J_""’J_’ ki1 ki2 ki m, P L J_:|A

Ly, Lo, . Ly _ | Li. . . .L. . 1. Ln
[Kll L. ..,E}A_[ﬁ,L,...,LH PISEEN L}--{L,...,L,K—JA.

Fourth, let for brevity 1 < i < j < n. Then the local substitution of a
value of A is defined by:

I T
s . P03, a5
1,73 ki,pi ’ kj,qj 3

L aki,pivlj,q]'

<k1,517 BRI ki—l,Pi—l ) ki+17p7‘,+1a BERE)
kj*LPj—lvijrl,pj-H )t kn,sn> s kjﬂﬂ

ki,pi ce aki,piukj,qj .

I <k1,817 EEER ki*l,pi—l ) ki+17pi+17 SRR kj*ij—17kj+1’pj+l Y kn,5n>

EKlX"'XKi_lXKH_lX"'XKj_1XKj+1X"'XKn}
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<k1,51v ceey ki*17pi—17ki+1,17i+17 R
kj—l,ijnkj-i-l,pjﬂ ) kn,8n> s kj#lﬂ

k‘lﬁpi

Kip;Kja; *

| <k1,517 sy ki—l,pia ) ki+17pi+1’ B kj—lmj—l’kj-i-lapjﬂ 1t kn,sn>

EKlX“-XKi,lXKi+1X~--XKj,1XKj+1X"'XKn}.

3.5 Aggregation operations over n-DEIM

Let the n-DEIM A be given and let I; ¢ K; for ¢ (1 < i < n) be n indices.
First, by analogy with [48], we introduce the following four aggregation op-
erations over A.

Max-aggregation
agg(max) (Aa Z l) =
ki
l max a'kl,sl7"'7k7ﬁ—1,si717ki‘17ki+l,si+1a--~’kn,sn
(k1,sqo o kimt,s; g0 Ritl,s;0q0 0 Fnosn)

€ Ky X ... xK;j 1 XK;jpq X...xKnp

ki,mi

max Okt sy seeskizt,s; g KiymysKit1,s; 400 Kn,sn

(k1,50 kimt,s; g0 Kitl,s;490 0 Fnysn)
€ Ky X ... X Kj 1 XKjpq X...xKnp

Min-aggregation
agg(min) (A7 Z l) =
ki
l nmin ky sy seeskizt,s;_y ok kit1,s; g oekn,sy
(k1,sq0 o kiet,s; g0 Kitl,s;490 0 Fn,sn)

€ Ky X ... xXxKj 1 XKjpq X...xKnp

ki,mi
min Okt sy seenskiot s,y Kimy it 1,5, 0ok sy,
(k1,50 kimt,s; g0 Kidl,s;490 0 Fnysn)

€Ky X ... X Kj_1 XKjy1X...xKp
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Sum-aggregation
agg(sum) (Av 2 l) =
| ki
l Z a'kl,sl7~~»7k7',—1,5i711ki‘1-,ki+1,si+1a--~,kn,sn
(k1,sq0 o kiet,s; g0 Kidl,s;090 0 Fnysn)

€Ky X ... XxKj_ 1 XKjiqX...xKnp

ki,mi

2

i—1,s; 1 Kitl,s; g0 Fnen)
€ Ky X ... xK;j 1 XK;jrq X... X Knp

Ak oy yeekiot,s;_q sKim o Rit1,s; 4000k, sn
(k1,595 k

Average-aggregation
agg ave) (A,1,1) =
ki

e D

Bisyo o biol,s; o Ridl,s; g0 Fnsn)
€ K1 X ... x Kj_1 X Ki+1 X ... X Kp

g

Aky opyonkizons; ki 1K1, g5 kn, st

ki,mi

2

(R1,sqyookit,s; g0 Ritl,s;4q0 0 Fnosn)
€ Ky X ... xKj_ 1 X Kjpq X... X Knp

=

Akt sy yekiot,s;_ 1 Kim, Kid 1,500 0kn s,

where
n
Mi = H m;j.
J=1.j#i

We can immediately see that for every IM A, for every pair of indices i
and j and for every o € {max, min, sum, ave}:

agg(o) (agg(o) (A7j7 ll)v ia l2) = agg(o)(agg(o) (Aa j7 l2)a ia ll)

In the case of (0,1)-nDEIMs, only operations agg, .. and agg, ., are
possible.

When we use n-DEIM with elements propositions or predicates, then the
aggregation operations are:
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V-aggregation

agg()(4,4,1)

ki
— l \/ akl,sl7~»-7k7',—1,si71’ki,lyki+1,si+1a--~7kn‘sn
(k1,sq0 o kimt,s; g0 Kitl,s;090 0 Fnysn)
€Ky X ... XK 1 XKijt1 X...xKn
ki,mi
\/ akl,sl7---7ki71,si_1in,vnj;k'i+1,si+17--<7kn,s" s
(Flysqs oo Rim 1,y _y o Rik1,s;q 00 Fnsp)

€Ky X ... X K;j 1 X K;jp1 X...xX Knp

N-aggregation

aggn)(4,i,1)

ki1
— l /\ Ak1syyeeskiot,s;_yokiKit1,s, g seoknsp
(R1sqs o kimt,s; 1o Rigl,s;y o knsn)

€ Ky X ... xKj 1 XKjpg X...xKnp

ki,mi

/\ Aky sy yeekio1,s; 1o kiom, Kit1,s; 10 kn,sn

<k1751’“"ki*lysi_lvki+1,si+1»~-~vk’n,sn>
€ K1 X ... x Kj_1 X KH»I X ... X Kp

3.6 n-DEIM with function-type of elements

The concept of a (2-dimensional) IM with function-type of elements was
described in details in [18, 20, 24]. Here, following [37], we introduce its n-
dimensional form.

Let the set of all used functions be F.
The research over IMs with function-type of elements develops in the

following two directions:

each function of set F has one argument and it is exactly z (i.e., it is not
possible that one of the functions has argument = and another function
has argument y) — let us mark the set of these functions by Fy;

each function of set F has one argument, but that argument might be
different for the different functions or the different functions of set F
have different numbers of arguments.

The n-DEIM with Function-type of Elements (n-DEIMFE) has the form

A= [Kb K27 ) Knv {fk1,517k2,52v--1kn,sn }]

where K; = {ki1, ki, kim,}, mi > 1and fi, . kooykn., € F for
1<i<nandl1l<s; <m,.
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The other form of the n-DEIM A representations is:

<k3,53, ey kn,sn> k2,1 e k2,m2
k11 Thia ko 1oks,agrekiman 0 kK2 my ks ey ek o
A= K
17i fkl,i7k72,17k3,537---;k71,sn e fkl,i7k2,77l27k3,537"')kn,5n
klvml fkl,ml7k2,17k3,337~--7kn,sn e fkl,m,l7k2‘7n27k3,337~~-7kn,sn

‘ <k37537~--;kn,sn> € K3 X oo X Kn}

<k1,51 Yooy kn72,sn,2> kn,l T kn,mn
kn—1.1 F TS I LR /R S S
kn—l,i fk1,517---7kn71,i7kn,1 fkl‘slrnvknfl,ivkn‘mn
kn—1,m, 4 T S S R (SN ST T

‘ <k1’31,. . .,knfgysn_rz) € K1 X -+ X Kn,Q}.

The n-DEIMFE has this form independently of the form of its elements.
They can be functions from F} having one, exactly determined argument (in
the present case - z), as well as functions with a lot of arguments. The set of
s-argument functions will be marked by F*, where s > 2.

Now, we give the definitions of the operations over n-DEIMFEs. The first
three of them are in more general form than in [18,20].

Let the n-DEIMFEs

F= [K17 Ky, ..., Ky, {fkl,slyk2,527~~;kn,s" }]7
G = [L17 L2a SRR} Ln’ {gll,t17l2,t27~~~;ln,tn }]7

: 1
where it holds that fi, . ks ok ans Ga ey daiysedntn €Fz OF Sk o) ko ayrekin, o

Gly g 2ol € F? simultaneously, where d > 2.

Following [21] we introduce the operation “addition” over A and B by:
F EB(O) G = [K1 U Ll, KQ U L23 s 7Kn U Lna {hm,ql sP2,q55--sPn,qn }]’

where
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h

P1,q1:P2,q995--3Pn,qp
fkl,sl,kz,52,...,kn,sn> if for each i: p; g, = ki s, € K;
and there is ¢ such that k; 5, &€ L;;

Gl oy dzstn ool o if for each i: pi g, = liy, € K;
_ and there is ¢ such that [, ;, ¢ Kj; 7

Thi oy 2o vekinon © Glaiglig s,y s 1L fOr €aCh @2 p; g0 = kis, = liy,
e K;NL;

€o, otherwise,

where operation o is defined in F} or in F¢, with respect to the form of the
f- and g-functions. For example, if

flx)=2° - 32* + 23 +1,
g(x) = 2% — 22° - 3,

and operation o is +, then
h(z) = f(z) o g(z) = 2° —2° — 32" +2° — 2.

It is important to mention that here and in some next cases that we draw,
in the case “otherwise” must stay the symbol “1”.

Therefore, the operation addition over two n-DEIMFEs is similar to this
one from Section 1.3. The same is the situation with operations “termwise
multiplication”, “multiplication”, “structural subtraction”, “operation with
a constant”.

The next operations are specific for the n-DEIMFEs (for the different
dimension).

Let

A = [K17 KQ, ey Kna {a’kl,sl 7k2,527---7kn,sn }L
F= [Lla L23 ceey Lna {fh,f,l Aoty sl iy }]7

be given, where ay, . k,.,,... € R and fi,,, € F; or

d d o
Ay oy ki ogoeosbn,on € R% and fll,t17l2,t27---aln,tn € F% simultaneously, where

7kn,sn l2,t27~--7ln,tn

d > 2. Then, we can define the following operations.

Operation

AHF = [Ky UL, Ky U Ly, ..., K, ULy, {1 0 2.m oD )

where



where o € {4+, —, x,:} and a, , k,.,...

where
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h

P1,q1:P2,q995--3Pn,qp
Aley o, K2k o if for each i: p; ¢, = ki s, € K;
and there exists ¢ such that k; 5, & L;;

Jtr i oyt s A for each i pi g =1y, € K;
and there exists ¢ such that l; ;. & K;;
Jti ,

Ay o) k2yagseooskin on © J11 ey 2y slnay, o 1 fOT €aCh 4

Dig; = Kiys; = lit; € KN Ly;
€o, otherwise,
€ R.

Kn s

FHA=[Ky UL, KsULg,...,KpULp,{hp, . poosioipman s

h

P1,q1:P2,q955--3sPn,qp
O N S if for each i: p; 4, = ki s, € K;
and there exists ¢ such that k; 5, & L;;
fll,t17l2,t27~~aln,tn7 if for each i: Piq; = li,ti €K,
and there exists ¢ such that [; ;, & Kj; 7

Jir 002 0ol @k o ko oy ook oy, )s if fOT €aCH 4

Digi = kis; = li; € KiN Ly

€o, otherwise,

where a- and f-elements belong to sets with equal dimensions and e, = 0 or

e, =1.

Operation

where

AXIF = [Ky N Ly, KaN Ly, ..., Ky O Ly, {hyp, . P2z sPran T

Py a1 p2agsosPman, = @k ok ey seekin e © J11 4y ot vl 5

if for each i: p; 4, = kis, = Ly, € K; N L;, where o € {4,—, x,:} and
ak1,517k2,527~~-7kn,sn 6 R

where

FXIA=[K\NL,KyNLy,...,K,NLy, { M1 0y 2090 sDman 1o

Py gy 020mveestman, = J1as sk g vl (@l o) Ky s o, )

if for each i: p; ¢, = kis;, = lir; € K; N L;, and a- and f-elements belong of
sets with equal dimensions.
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Finally, for the two n-DEIMFEs F and G, following [21] we define two
operations “composition” by:
Operation E](@)

FE](@)G == [Kl @] Ll; K2 U L27 e 7KTL U L”? {h'pl,ql sP2,q95--3sPn,qp }]7

where

h

P1,q1:P2,q25:3Pn,qn
fkl‘sl.,kz,sm...,kn,sna if for each i: p; ¢, = ki s, € K
and there exists ¢ such that k; 5, & L;;

if for each i: p; ¢, = lit, € K;
and there exists ¢ such that [; ;, & Kj;

gl1,t1 A2,tg 5 ln by

Tha ey koagsoookinon (Ga 4y Dol er, )5 1f fOT €ACh G2 D g0 = Ky s, = Ly,
e K;NL;

1, otherwise

Operation [¢] (®)

FE](@)G = [Kl N Ll; K2 N L27 e 7KTL N Ln? {hpl,ql sP2,q95+3Pn,qn }]’

where
hlell 7p21(12 7"'7p"yf1n = fkl,sl ,k2)52 7...,]67,,)5” (glLﬁ ,l21t2 7...,ln)f,n )7
where for each i: p; ¢, = kis, =1, € K;,NL; and eg =0 or ey =_L.
When the elements of the n-DEIMFE are propositions or predicates, the
elements of set F? will be logical functions.

3.7 Relations over n-DEIMs

Let the two n-DEIMs A and B be given. Following [37], we will introduce
some definitions where C and C denote the relations “strong inclusion” and
“weak inclusion”.

We will discuss two cases for the elements of the n-DEIMs.

First case: let the elements of the n-DEIMs are real or natural numbers,
or elements of set {0, 1}.

The strict relation “inclusion about dimension” is

&(Vi) (V5 1 1 <5 <)k o, ke rknion = Okioy ka g snskin,on )-

Fn,sp
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The non-strict relation “inclusion about dimension” is
A Cy Biff (Vi)(K; C L)&(Vi) (V5 : 1 <5 <my)
(T N S S B

The strict relation “inclusion about value” is

(a‘kl,sl 7k:2,52 7-<~7k5n,sn < bkl‘sl 7k2,52 7--<7kn,sn )

The non-strict relation “inclusion about value” is

The strict relation “inclusion” is
AC Biff (i)(K: C L) v (%)(K: € Li & (3 1< j <n)(K; £ L))
&(Vi) (V52 1 <3 <mi)(@hy o ka g < Okt o) Knay ook o )

The non-strict relation “inclusion” is
ACBiff (Vi)(K; CL)&(Vi)(Vj:1<j5<m)
(akl,sl7k2,52$"'7kn,sn S bkl‘slaké 527---7k5n,sn)'

Second case: let V' be an evaluation function that estimates the truth-
value of logical variables, propositions or predicates. Then, the first two above
relations preserve their form, but the four next relations change their forms,
as follows.

The strict relation “inclusion about value” is
AC, Biff (Vi)(K; = L;)&(Vi)(Vs; : 1 < s; <my)
(V(@ky oy kagsobinon ) <V (Oky o) ko arebinan )
The non-strict relation “inclusion about value” is
AC, Biff (Vi)(K; = L;)&(Vi)(Vs; : 1 < s; <my)
(V(@hy o, ey soiiman) SV (Oky o) Kn gk o))
The strict relation “inclusion” is
AC Biff (4)(K: C L) v (%) (K: € Li & (37 1< § < n)(K; £ L))
&(Vi)(V7 0 1 <5 <mi)(V(@hy oy koragrbinen) <V (Oky o) kaagoenkinen )

The non-strict relation “inclusion” is
ACBiff (Vi)(K; CL)&(Vi)(Vj:1<j5<my)
(V@i oy k2regobinion ) SV (Oky gy kaagoonbin en )
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3.8 n-Dimensional Hierarchical Index Matrices

(n-DHIMsS)

Now, following [37], we describe the case when A is an n-dimensional HIM
with elements that are also HIMs.
Let
A= [Kh K27 ) KTU {ak1,51,k2,327~~;kn,sn }]

where K; = {k;1,ki2,...,kim;}, m; > 1 and each one of its elements has
the form
_ 7l 2
aklasl 7k2w327“‘7k”w3n - [Lkl,sl 7k2,32 ;<~-7kn.3n 4 Lkl,sl 7k2,527---;kn,5n 4
q1,92,--

erl,sl,kzsz ----- kn, sy {b
’ kl,sly

"qulysl,k2,52 ..... En, s }]
T k1,517k32,32;<--7kn.3" ’

k2,527---;kn,5n
where
° <k1,slak2,327~-~7kn,sn> EKl XKQX"‘XK"’

LI N R > 1 is the dimension of the given HIM (I S

e foreachi (1 <i<mn)andforeachj(1<j< rkl,slvklszv-“:kn,sn) :

1<q; <L |

k1,517k2,s27~~-7kn,3n
for | X| being the cardinality of set X and

K;NL = 2, (3.1)

kl,sl 7kf2,sz 7--~7kn,sn

o for each ji,j2 (1 <j1 <Jjo < 7Thy koayrokinoy)

J1 J2 _
Lkl,slak2,527---7kn,sn m Lk1,517k2,327---7kn,5n - @, (3.2)
Then
_ 1
A|* - U Lk1,517k2,527~--7kn,sn7.'.7
<k71,51;~-7kn,sn>eK1X"'><Kn
n W1y, Wn
U Lkl,slka,SQrv-akn,sn7 cul,vl’»---,un,vn} ’
<k1,517--<7kn,sn>eKlX"'XKn
where
QU250 o
381 ;89 1PN, Sn : R ) . . .
K1,sq k2,605 knsn it wp = gi, and w0, = ki,
W1y, Wn — .
Coun o oty = for 1 <i<n,

1, otherwise.
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We can formulate and prove the following assertion. Let

A= [Kla K27 ey K’Vl’ {akl,slyk2,527'~~)kn,sn }]

be an n-dimensional HIM, let each of its elements ay, . ks.,,.. k.., be an
n-dimensional HIM and let the index sets of all a-HIMs satisfy (3 1) and
(3.2). Then

* __
Al" = § TS

<k1,sl7---ak71,sn>EK1X“'XKn

We can change condition (3.2) with the weaker one: for every two different
n-tuples (k1 s,,k2,555- -5 kn,s,) and (1,01, 12,005+ lnt, )

n

[ _
m Lkl,slyk2,527 Kn,sp n ﬂ Ll1 02t senlngty T g.
=1

3.9 Cartesian product over n-DEIMs

Initially, following [44], we will discuss case for Cartesian product over two
2-dimensional EIMs.

Let us have two EIMs A = [K, L, {ax, 1, }] and B = [P, Q,{bp, q.}].

The first type of Cartesian product is the following:

AxeB=[KxP,LxQ{ck py.0 a0}

where
(ki) (L,00)) = (ki ;> bprg,)

and operation X between K and P, and between L and @) is the standard
set-theoretical Cartesian product.
The second type of Cartesian product is the following:

A Xy B=[KxP,LxQ,{cu, p.a;q.)

where
Cl(hkipr)o(L,as)) = Gkl © bp,.q.

where o is a suitable operation.
Now, following [36], we will discuss the general case.
Let us have two n-DEIMs

A= [Kh K27 ceey Kna {ak1,31,k2,52,m,’€n,sn }]7
B = [L17 L27 ceey L’na {bll,t11l2,t2u"'-,l’n7t‘n, Ha

and let X x Y be the standard set-theoretical Cartesian product.
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First, we introduce the Cartesian product
AxcB = [KixLy, KoXLa, oo, KX L, {{@hy o, koo oosbin ot Ot oy sl g ool ) -

When n = 2, we obtain the first Cartesian product from for the case of
two IFIMs.
Let for the three elements a, b, c € X the equalities

{{a,b),¢) = {a,b,¢) = (a, (b,¢))

be valid.
The operation X can be modified for two EIMs so that the first one is
an m-DEIM and the second one is an n-DEIM. Let

A= [Kly K27 ceey Kma {akl,sl ,k2,52 yeeskm s m }]
and B has the above form. Then
Ax9B = (K, Ko, ..o, Kipy L1, La, .., Ly, L R Y NP A S § 1 B

The following two Cartesian products are extensions of the two above
operations:

AXc,oB = [Kl X L1, Ko X Lo, ..., Kn X L, {akl,sl k2, 5050 kn, sy © bll,tl 12, b0l ty }]>
Cp _
AxsB = [Klv Ko, ..., K, L1, Lo, ..., Ln, {akl,slka,SQw'-vkm,sm ° bll,t17l2,t27~-vln,tn }]

In [36] it is proved that these four operations are also associative, but not
commutative.
Let for every three objects a,b,c € &

ao(bxc)=(aob)*(aoc)

and/or
(axb)oc=(aoc)*(boc)

In [36] it is proved that for every three EIM A, B, C":
A XS (B xcuC) = (AxS B) xc. (AxS C)

and
(Axow B) xS C=(AxS C) xou (B xS C),

and it is also proved that

A XC,o0 (B X O, C) = (A X0 B) X C,x (A X0 C)

and
(A X% B) XC,o C = (A XC,o C) X% (B XC,o C)
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Now, we introduce an object that can be interpreted as the result of the
operation Cartesian product.

Let the following m in number multi-DEIMs be given for ¢ = 1,2,...,m,
i.e., the different EIMs can have different dimensions, i.e., ni,no, ..., Nym:

A= [K; Liv é’ R Lii{ak,li,.“,lii }]

so that the index set K is equal for all of them, while the sets L1, L3, ..., Ly
do not have equal elements. Now we define

A(Al,AQ,. . ,Am) = [K,L%, .. "ngn,’{bkyliql%’ |m }],

rm

where foreachi:1<i<m

bk,z},z;,...,zg,...,zgi,..4 mo = Qi i -

rm T

Geometrically, this object can be represented as shown on Figure 3.1. By
this reason we can call it an IM-Book (IMB). This object can be extended in
two directions.

Lo
Ly

Figure 3.1. Geometrical interpretation of A(A;, As, ..., Ap)

First direction is obtained when we check the index set K of the EIMs
A1, Ag, ..., Ay, with a set (equal for each EIMs) Ky, Ko, ..., Kj, while the
second direction is to omit the condition that sets L}, L3, .. ., Ly do not
have equal elements, changing it with the possibility the sets L; and Lf] to
have joint elements for p # ¢, but this will be not valid for the sets L? and
L2 for p # ¢. In this case, the result of applying of operator A over EIMs
Ay, Ao, ..., Ay, has two forms:
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Ay(Ar, Ag,y .o Ap) = K U L?u U Lé» T U Lii{bk,l%,l%,“.,l;ﬁn 1
i=1 =1 i=1
and
An(Ar, Ay A) = (K5 () L4 () Lo () Lo Abraz g 3,
i=1  i=1 i=1
where some of the sets L;- can be the empty set.

3.10 Example from graph theory. Part 2

Let us have the following multi-graph

a b

c

e f
g

Figure 3.2. Multigraph

Now, the adjacency IM has the form

e e [ g
al3 0 0 O
b2 0 0 O
PicOl 1 0
el0 0 0 3
f10 0 0 1

In a similar way we can represent a weighted graph. When we apply to
AdIM P operations “Sum-row-aggregation” and “Sum-column-aggregation”,
we obtain the non-(0, 1)-IMs that show how many arcs enter and how many
arcs leave the individual vertices, respectively:
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Usum(Pa k) = and psum(P, l) =

|

%(’0@@"@‘
HOJ[\D[\DOJ‘N

Now, let as in Section 2.7, the arcs between vertices a and ¢ coloured by
yellow, green and red colours, these between vertices b and ¢ — by green and
blue, between vertices ¢ and e — by green, between vertices ¢ and f — by blue,
between vertices e and g are coloured by black, green and red colours, and
between vertices f and g — by green. Then we can construct a 3DIM with
index sets: {a,b,c,e, f},{c,e, f,g9} and {white, green, red, blue, black}.
Therefore, it will have dimension 5 x 4 x 5 and it can be represented by the
following five 2-DIMs:

yellow|c e f g green|c e f g redlc e f g
a |1 L L 1L a |1 1L 1L L a|l L 1 1
b |L L 1 1 b |1 L 1 1 b L L 1 L
c 1 1L 1 1”7 c |L 1 L 17 c|L L 1L L~
e B I e I e |L 1 1 1 e| L 1 1 1
S N e I A I O I T | flL L 1L 1

bluelc e f g black| c e f g

a |L 1L 1 1 N R T

b |1 L L 1L 1 1 1

c|L 1L 1 L°~° c |L L 1L L

e | L 1L 1 L e |L L 1L 1

0 I e e § A D N T

But we can also construct another 3-DIM with dimensions 5 x 4 x 3, where
the third dimension is indexed with numbers of the colour orders {1,2,3}
and it can be represented by the following three 2-DIMs (the distribution of
colours per 2-DIMs follows the order of listing in the text, respectively):

1 c e f g 2 ¢ e f g 3lc e f g
a |lyellow L 1 1 al|green 1 1 L alred L 1 L
b |green L € L b|blue L L L b| L 1L 1L 1
c| L green blue L1 ' ¢| L L 1L L 7 |l L L L°
e| L € 1 black e| L L 1 green e| L 1 1 red
fl 4L 1 1l green f| L L 1 L flL L 1L L

We finish this Section with the following

Open problem: To represent the basic concepts related to graphs (e.g., path,
diameter, etc.) and properties (e.g., planarity, (dis)connectness, symmetry,
etc.) of the graphs in IM-form.






4

Intuitionistic Fuzzy Index Matrices (IFIMs)

In this chapter, following [11,15,20], we extend the concept of IM, introducing
the concept of an Intuitionistic Fuzzy IM (IFIM) and an Extended IFIM
(EIFIM)

Initially, we give some remarks on Intuitionistic Fuzzy Sets (IFSs, see,
e.g., [7,13]), Intuitionistic Fuzzy Logics (IFLs, see, e.g., [26]) and especially,
of their particular case, Intuitionistic Fuzzy Pairs (IFPs; see [26,50]).

4.1 Remarks on intuitionistic fuzziness

The IFP is an object with the form (a,b), where a,b € [0,1] and a +b < 1,
that is used as an evaluation of some object or process. Its components (a and
b) are interpreted as degrees of membership and non-membership, or degrees
of validity and non-validity, or degree of correctness and non-correctness, etc.

When we have two IFPs x = (a,b) and y = (¢, d), multiple operations,
relations and operators are defined over them in [26,50]. Here, we will use
only the following:

Relations:
r<y iff a<candb>d
r<y iff a<candb>d
r=y iff a=candb=4d
z>y iff a>candb<d
x>y iff a>candb<d;
Operations:

max(a, ¢)), min(b, d))
a+c—a.cbd)
a.c,b+d—b.d)

8
<
<
I
o~

Ty =
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If, for example, o is one of the above operations, then it can be interpreted
as an ordered pair (o1, 09) for suitable sub-operations o; and og, and

(a,by o (c,d) = (a oy c,bog d).

For example, if o is the operation V, then its sub-operations will be
(max, min ), while if o is the operation A, then its sub-operations will be
(min, max ).

Operators:
={a,1—a)
<>9c :<1—b b)
={a+a(l—a—>),b+ (1 —a)(l—a—">)), for a €0,1]
F, sz —<a+a(1fafb) b+ B(1 —a—0b)), for a,B,a+ B €[0,1]

Go.pr = (aa, fb), for «, B € [0,1]

H, gz = (aa,b+ B(1 —a—b)), for o, € [0,1]
H} v = (aa,b+ B(1 — aa — b)), for a, B € [0,1]
Hapr = (aa,b+b— pb), for a, 8 € [0,1]

a,gx = {a+ a(l —a—b), 8b), for a, 3 € 0,1]

Ji gz = {a+a(l —a—pb),pb), for a, f € [0,1]
agx—<a—|—a—aa,5b> for o, 8 € [0, 1]

= (max(«, a), min(8,b)), for o, 8,0 + B € [0, 1]

QO, s = (min(a, a), max(8, b)), for a, B, + B € [0, 1]

Currently there are more than 200 different operations “intuitionistic
fuzzy implication” and more than 50 different operations “intuitionistic fuzzy
negation”. In some of these definitions, we use the functions sg and Sg that
are defined by:

1, ifx>0

sg(x)z{(x ifz<0

o 0, ifx>0
sg(x) =
B() 1, ifx <0

and
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We will give only the first two definitions of negations:
_'1<aa b> = <bv (L>,
2 <CL, b> = <$, @(a% Sg(@»

For these negations, it is interesting that the first one satisfies the De
Morgan law in the form

(i Ay) =2 Vy and —i(mzVoy) =a Ay

while the second one does not satisfy this law in the above form, but in the
form

_\2(_|2x&_\2y) = —|2—\2,1,’ \/ —\2—\2y and —\2(—|21‘ \/ —|2y) = —\2—|2[L‘ /\ —|2—\2y,

because —9—9ox # x, while 71—z = x.
Let a set E be fixed. An Intuitionistic Fuzzy Set (IFS) A in E is an object
of the following form (see, e.g., [7,13]):

A= {(z,pa(x),va()) |z € E},

where the functions p4 : E — [0,1] and v4 : E — [0,1] define the degree
of membership and the degree of non-membership of the element x € F,
respectively, and for every =z € E:

0 <pa(z)+va(z) <1.

The operators over IFPs now have the following forms for a, 8 € [0, 1]:

0A ={(z,pa(z),1—pa(z)) |z € E}

CA  ={(,1-va(z),va(z)) |z € E};
Da(A) ={{z,pa(z) + ama(z),va(z) + (1 - a)ra(z)) | z € E};
Fop(A) = {{z,pa(x) + ara(z),va(x) + Bra(x)) | € E}, where a + < 1,
Gap(A) = {{z, apa(z), Bra(z)) | x € E};
Hap(A) = {(z,apa(z),va(z) + fra(z)) | © € E},
Hj 5(A) = {(z,apa(z),va(z) + B — apa(z) —va(z))) |z € E};
Hop(A) = {{z,apa(z),va(z) + B — Bra(z)) | = € B},
Jap(A) = {(x, pa(z) + ama(z), Bra(z)) | z € E};

as(A) ={(z,pa(@) + ol — pa(z) — fra(z)), Bra(z)) | = € E};
Jap(A) = {{z, pa(z) + o — ava(z), Bra(z)) | @ € E};
Pop(A) = {{z, max(ua(z), o), min(va(z), B)) | « € E}, where o+ 8 < 1
Qap(A) = {{z,min(pa(z), o), max(va(x), ) | x € E}, where a + 5 < 1.
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In [13], the following operator is further described:
Nap(A) = {(z, pa(e),va()) | pa(z) > a & vale) < B & v € B},

where oo + 3 < 1.

4.2 Definition of an IFIM and operations over IFIMs

When X is a set of IFPs, then the IM with elements from X is called an
Intuitionistic fuzzy IM (IFIM).

Let I be a fixed set. By IFIM with index sets K and L (K,L C I), we
denote the object:

A= [K7L7 {<uki;lj7ykiylj>}]

I I L

B | (Bier sty s Viadn) oo (Bl Veady) -+ (Hn s Vi L)
- k; <:uk?i,ll7yki,ll> </’Lki,lj7yki7lj> <ukialn’yki7ln> ’
B | Bk by s Vi 1) - o Bk s Vi )+« (B s Ve L)

where for every 1 <i<m,1<j<n:0< Bks s Vil sty T Vi t; < 1 and

K = {ki, ko, ..., km},
L={l,lg, ... 1}

Let the IFIMs A and B = [P,Q,{{pp,.q.» Op...q.) }] be given. Over them

we can define the following operations:
(max,min)-Addition or (V)-Addition

A @(\/) B=A G9(ma)gmin) B = [K UPLUQ, {<(Ptu,vwawtu,vw>}]a
where
<50tu,'uw ) '(/]tu,'uw> = <,U/ki,lj \ Ppr,qss Vil A Up1,,q5>
(ki > Vhi ;) ifty,=k €K andv,=0€L—-Q

orty,=k; € K—P and v, =1; € L;

<p;0r7qsvgpr,qs>7 ift,=p-€P andv, =¢;,€Q—L
_ ort,=pr € P—K and v, =qs € Q;

(max(pik, 1, Pprog.), iftu=Fki=p. € KNP
min(vg, 1;,0p,.4.)), and v, =1l; =qs € LNQ;

(0,1), otherwise.
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Addition-(min,max) or Addition-(A)
A B(minmax) B = [K U P, LUQ, {{Pt,,0, Vtu,00) >
where
(ftuvuws Vtwvw) = Bkily AN Ppyges Vkily V Op,go)
Pl Ukl ) ifty,=kie Kandv, =1;€ L —-Q
ort,=k; € K—Pandv, =1[; € L;

<p;l>r7Qs’O'quS>7 if tu =pr€ P and Vw = (s € Q - L
ort,=pr € P—K and v, =qs € Q;

<min(:ukmlj’pl)r,qs)’max(ykulwO';vmqs»v ifty=ki=p, € KNP
and v, =1; = ¢, € LNQ;

(0,1), otherwise.

Termwise multiplication-(max,min) or Termwise multiplication-(V)

A ®(\/) B = A ®(max,min) B = [K N P7 L N Q? {<Q0tu,ﬂ)w ) 1/}tu7“w>}]?
where
<50tu,,vwa¢tu,.,vw> = <ﬂki,l_7‘ V Ppriqss Vi l; N Upr,qs>

= <maX(/’Lki;lj ) ppraqs)’ min(yki,lj yOpr,qs )>

Termwise multiplication-(min,max) or Termwise multiplication-(A)
A ®(/\) B=A ®(min,max) B = [K N P7 Ln Qa {<S0tuva’/l/}tu7“w>}]7
where

<50tu,7vw ) 7/}15“,-,Uw> = <,U'k1:,lj N Pp,gss Vi 1 v Upr,qs>

= <min(uki;lj ) ppr,qs)v ma‘X(Vki,lj yOpr,qs )>

Classical negation of an IFIM
—A= [K> L7 {_‘<:ukmljv Vk; ,l; >}] = [Ka Lv {<Vki,lj y Mkl >}]7
In [20], a lot of other operations are defined over an extension of the
IFIMs, that in the particular case are valid for the IFIM, e.g., multiplication,
subtraction, etc. Some relations are defined over IMs that do not exist for

standard matrices. Below, we will give only the following two of them that
are different from these in Section 1.8.

The strict relation “inclusion about value” is
AC, Bifft (K*=P)& (L*=Q") & (Vke K)(Vl € L)
(@1, brp) < (k15 dip))-
The non-strict relation “inclusion about value” is
AC, Biff (K*=P")& (L*=Q%) & Vke K)(Vl € L)
({an,1, br1) < (cris i)
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4.3 Hierarchical IFIMs (HIFIMs)

Let o be fixed operation (i.e., pair of operations and let A be a hierarchical
IFIM with s levels). A has the form:

A= <A1,M7V> = [KﬂLH{(Ai; L ,N;lcl 1 ,V]il it )}
21791 1771 1771

1 1 1
ll ljl ln1
T
kl
= K} A21 1 /-lll 1 l/ll 1 ’
" < kil’lh, kil’ljl7 k'il’lj1>
1
K,
where ) ) . .
K= (kLo kL kL Y
1 _ g1 1 1
LV = {1}, 0 )
_ 1 1
</L7V> - k! Oll </1'k,1 gt 7Vk1 11 >7
i12% 41771 17791

and for r-th level (2 < r < s) the IFIM will have the form:

AT
11 .2 g2 .. gr—1l gr—
k’il’lh’kiz’ljz’ ’kirfl’ljrfl

— T r r+1
- [Kk.l k2 kT ’Lll 2 ! ’{<Ak.1 k2 12 kT D
Mgttt Jj1°7d2 ’ Ir

ip—1 gr—1 1177512 20

I .
Hrt ot k2 02 okt o Vel at k2o a2 krr )}]
2 Jr 1 Jr

i1°7j1 g2’ J1°7Vig g
1 2 T
- w2,
T
(ki ki, oo kD)
At .
< k}l’lJl'l7k§2’@2""’kl’ljr'r7
- 1 2 T T )
<ki17ki27 ) ir> Mklll7[]117ki22,l§27_”7k;7151v7
Uiy o2 g2
k:il,ljl,ki2,lj2,...,k{,l§T
1 2 T
(ki ki km,)

where for each 1 <u <7r:1 <4, <myand foreach 1 <v <r:1<7j, < n,
and
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r—1 r—1
<H’k.1 11 k2 12 s gr T m Tt ’Vkll 1L ok2 g2 egr—togrol >

i1 771 Vi 2! ip =17 —1 17791 i g2 1r—1’ljr—1

kL k2 ?2
, 2

s r
KT (11 AL k2 02k o Vel g g2 g2 e )
iyt Fig tigoe Rt 1 e

Ll igrtjo g1 Vig g 125,

It is possible for some IFIM to be empty, i.e., to have the form

%)
oL’

where the symbol “1” means the absence of an element at that place.
Therefore, we can define an operator that juxtaposes to the HIFIM with

s+1 levels an HIFIM with s levels. Let us have all HIFIMs with (s+1) levels

and let the (k} 1} k2 12 ... k7,17 )-th from (r +1)-st level (1 < r < s) be

2177710 V2 V20 15 %5,
ATH . r e U IR
( kI K22 kg dr o PR U K202k kl.ll,ljl.l,kfz,li,.“,ki,lgr>
Then
=T =T 1
AT y=[K ,L,{{A"T
1 1 .1.2 2 . . —1 —1 1 1 2 2 . o
kil ’ljl ’kiz ’ljz [ ’kirrfl’l;rfl [ ’ ’ { ki1 ’ljl ’kiz ’ljz BRI

T T
Fogroat k2 02 e o VEL k2 2 gror 2,
ig? PG 917791 7 ’

1177712 20" Wig i ML iy
where
Myr41
—r 1
Kpoge e = |J Ko
ki17ki27"‘7kir kill’kizg ...,ka‘,u’
u=1
Npr41
—_r 1
Lll l2 I = U L’;‘l-‘r lz r
g1t f FER PR Tk
v=

and for every two p,q: 1 <p<qg<s:
FZ! K2 kT QF?I. g2 r =9,
11772 ip J17d2 Jq

P q
Ly 42 g NLp g2 = 9.
117V ip J17732°" g

For example, let us have the following two-level HIFIM:

‘ ) €
o <A3,67N0¢,57V0t,5> <Ai,saﬂa,saya,s>
B <A§,57N676Wﬂ,é> <A§,5aﬂﬂ,sﬂfﬁ,s>7
vy <A»y,6uu'y,6vl/’y,6> <A7757M7,€7V775>

(AY ) =

where

‘ L K
C [as e ve) (b pe s Ve w)
n |{c, o Vn,L> (d, M,k Vn,f-c> ’
0 <67 1o, V9,L> <f7 1o,k VO,/{>

(A2 50 Has, Vas) =
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| A
CIfs e ven)

<Ai,57 Hoes Va,a> =

‘ L A
(9, e, ve,) (hypiemsVer)

(A3 5, 18,5, v8,6) = €

<A%,aa HB.es Vﬂ,6> = 7Ta

%)
<A'2y767 Hy,55 V’y,5> - 7Ta
A
<A'2y,ga My ,es V"/,E> =0 <7/7 1o X, VO,A> .
P <j7ﬂp,A7Vp,A>
Therefore, (A, ui, ) has the form
\ 5 €
a [(A7 5 Has: Va,s) (A% oo Hayes Vase)
1417 ,V — a,(5’ a,0y Vo, a,e Hosesy Yae
(A, v) B (A3 5, 1155, vp.5) 1
Y 1 <A’2y,a7 Py e Vv,a>
and (cf. Section 2.6)
(AY )|
L K A ™
C @, pig,, ve,) (0 tig s vew) (ke ve) L
_ n <C, Hnes Vn,L) <d, Honres Vn,n> €L s
0 <e?:u9,L7V9,L> <fa U97&7V0,ﬁ> <ia,u@,)\al/9,)\> 1
g <g7.UJ§,L7V§,L> 1 ] 1 <ha ,Ll’ﬁ,ﬂal/§,71'>
P 1 1 <]a Hp,\s Vp,)\> 1

It is important to mention that some elements of the HIFIM can be vari-
ables with their intuitionistic fuzzy evaluations (the degrees of validity and of
non-validity). In this case, these elements can be represented as single IMs,

as it is the case with (A2 _, flac, Va,c)-

By the moment, we use pu- and v-functions that determine the degrees of
membership and non-membership of the elements of the respective IFIMs.
Now, we will describe a method for obtaining of the concrete values of these
functions, when we know the concrete values of the functions of the matrices
from the lowest level. For this aim, we will use, for example, one of the
following formulas, when we have ¢ in number IFPs (a.,, by, ), where 1 < w < ¢

and @y, by, @y + by € [0,1]:
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<w<el) = i
Omax({(@w, bw) |1 <w < c}) <1§3§ca“” 1I§n$récbw>7

Omin ({(@w, buw)|1 <w <¢}) = <1252caw’ 1213§cb“">’

Pave({(@w, bu)|1 <w < c})

(0,0), if > sglaw+by)=0

1<w<ec
- 1g§gcaw 1§§§cbw i b 0
S 5€(awtbe)’ ST SE(awtbw) /0! > 88(aw +by) > 0.

1<w<ec 1<w<ec 1<w<ec

We start this procedure with the evaluations of the degrees of the lowest
level—in our example—the s-th level. There, the IMs will be single ones or
IFPs. For example, for the IFIM <Ai,5’ Hoe, Va,e) we will obtain that

</Jva,6» Va,6> = </14C,)\7 VC,)\>

and we will use element f instead of matrix AZ _.
For matrix A2 _ we can use one of the three above formulas (or another -
in the IFS theory there are other similar formulas, too) and will obtain

@max(Aig) = <maX(M0,/\a Mp,)x)) min(l/e,)\a Vp,A)>a

Pmin(A2 ) = (min(ug,x, f1p, 1), max(vp x, vp)),

(A2 ) _ Mo xtHp Vo xF+Vp A
Pave\ iy e Sg(ko,x+ve,x)+88 (1o, x+1p,2) 7 SE(ko,x+vo,x)+SE (1o, x+1p,2) /

4.4 Extended IFIMs (EIFIMs)

Let I be a fixed set. By EIFIM with index sets K and L (K,L C I), we

denote the object:
[, L% {5 Vi ;) 3]

ll,<af,ﬁll’> lj,(Oz]L/,ﬁjL> ln,<OzTLL,,BT[L’>

ki, (af, BI) | (ks Vo n) oo (kstys Veady) - (B s Vi )
- k17<azKaBzK> <,uki,l171/ki,l1> <luk'i,lj7yki7lj> <Mk:i7ln71/ki1ln> '
Ko (0 BN s 1> Vi) -+ (el s Ve iy )+ =+ (e s Vi )

where K = {ky,ko,....kmn}, L ={l1,ls,...,1,} and
K" = {<k%7af<’ﬁz}{>‘kl € K} = {<kl7aszﬁzK>|1 <i< m}v
L= {{lj,af, B € L} = {(lj,af , B])|1 < j <n}
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are IFSs and for every 1 <i<m,1<j<n:

ki 15 Vil Bk 1y + Vigt; € [0, 1],
aft, B, aff + BF €0,1],
ok, BY, ok + BF € 0,1].
First, we will describe the standard forms of the operations over EIFIMs

that are analogous of these from Chapter 1 and Section 4.2.
For the EIFIMs

[K*»L*a {</"Lkiylj’yki7lj>}7
[P*v Q*’ {<ppT7qS7Up7‘1qS>}]’

we will introduce only these operations, relations and operators that are
necessary for the current research.

Addition-(max,min) or Addition-(V)

A 69(max,min) B = [T*, V*, {<90tu,vw ) ¢tuva>}]7

A:
B:

where
T* = K*UP* = {{tu, (a, B) V(. B))) |t € K U P},
= {{tu, (02, By )t € KU P}
V=L UQ" = {(vu, (ag, B5) V (o, BF))|vw € LUQY,
= {{vw, (o, B ))lvw € LU QY
where
ak, ift,c K- P L ifv, e L—Q
ol = ol ift,e P—K_ gY= BY, ift,€Q—-L,
max(af, al),ift, € KNP min( jL,ﬂ?),iftweLmQ

<@tu77)ur ) djtuﬂ)w >
</’1/k}i7lj7yki,lj>’ if t, = k; € K and Uw:lj EL—Q
ort,=k;€ K—Pandv, =1; € L;

(Pprvass Tpras)s ift, =pr € Pandv, =¢s €Q—L
_ ort, =p. € P— K and vy, = ¢s € Q;

<max(:u7€i,lj’ppmqs)7min(l/ki,lpapr,qs»’ ift, =k = pr€EKNP
and v, =1; =¢, € LNQ;

(0, 1y, otherwise.
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Addition-(min,max) or Addition-(A)
A B(minmax) B = [T, V", {{Ptu,vu: Vtu,vw) s
where 7%, V* oI BV have the above forms and

<(ptu yVw ? ,(/Jtu sVw >

</’[/ki,l]‘7yki,lj>’ ift, =k; € K and v, = lj eL-Q
ort,=k;i€ K—Pandv, =1; € L;

(Pprsaes Oproge)s ift,=p- € Pand v, =qs €Q — L
ort, =p, € P—K and v, = g5 € Q;

(min(eg; 1,5 Pp,,g.)s MAX(Vky 155 0p, g, )y ity =ki=p. € KNP
and v, =l; =¢s € LNQ;

(0, 1y, otherwise.

Termwise multiplication-(max,min) or Termwise multiplication-(V)

A ®(max7min) B = [T*v V*v {<90tu,vw ) ?/)tu,vw >}]7

where
T = K* N P* = {{tu, (o, B )&{en), B)) [t € KU P},
= {{tu: (oq, Bu )|t € KU P}
V=L NQ" = {{vw, (ag, B5)&(ad, B2)lvw € LUQY,
= {{vw, (o0, B ) lvw € LU QY
al = min(a,al), fort, =k, =p. € KNP,
BY = min( jL,ﬁSQ), forvy, =10 =¢, € LNQ
and

<<)Otu,'Uw ’ wtuﬂ)w> = <ma’X(lu’k17l] ’ ppTv(Is)7 min(ykml_] ) GPTst )>
Termwise multiplication-(min,max) or Termwise multiplication-(A)

A ®(min,max) B = [T*v V*7 {<Lptu,vw ) ’(/}tu/uw>}]7

where 7%, V*, ol BV have the above forms and
<‘Ptu,vw7¢tu,vw> = <min(luki7lj ) Ppmqs)a maX(Vki,lj ) Upr,qs»-

Second, following [38], we will describe extensions of the above operations,
that are specific for EIFIMs.
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Let everywhere below o, € {V,A} and let when o or % be V, then oy or
%1 be “max”, and oy or x5 be “min”; and when o or * be A, then oy or *; be
“min”, and oy or *3 be “max”. Let ey = (0,1) and ex = (1,0).

For the EIFIMs A and B operations that are analogous to the standard
matrix operations of addition and multiplication are defined, as well as other
specific ones.

Addition @&
A@; B= [TV {{¢tu00 Ytuwa)

where
T* = K*UP* = {{ty, o, B!)|t. € K UP},
VE=L"UQ" = {{vu, ay, By)vw € LUQY,
af, ift, e K—P ;-, ifv, e L—Q
al, = ab, ift,e P-K, pj°= q, ift,eQ—1L,
#1(af ap), ift, e KNP (B35, 89), ift, € LNQ
and

(Pt v Vo ,vw)
</’1‘k}i,lj7l/ki7lj>7 if t, = k; € K and ’Uw:lj EL—Q
ort,=ki€ K —Pandv, =1[; € L;

(Opriaes Toras)s ift, =pr € Pandv, =¢s €Q— L
_ ort, =p, € P— K and v,, = ¢s € Q;

<Ol (Mki;lj7gp1-;q:;)702(Vki7lj’Tp7-;QS)>7 ift, =k = pr€EKNP
and v, =1, =¢s € LNQ;

€o, otherwise.
Termwise multiplication

A ®: B = [T*, v, {<<ptu7'l)w7/¢}tung>}]7

where
T* = K*NP* = {{t,, o, BL)|t, € KNP},
VE=L"NQ* = {(vw, ay,, By)lvw € LN QY
al, = *1(04?,04{3), fort, = ki =p, € KNP,
By, = *2(B5,89), for v, =1; =qs € LNQ
and

<g0tu7vw ’ ¢tu7U1u> = <01 (,uk“l] ) ngvqs)’ OZ(Vk'hlj ’ TPT?QS )> .
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Multiplication
AO@uw B=[T" V" Pty 0u> Yty vw) };
where

T* = (KU (P~ L))" = {{tu,al, )]t, € K U(P - L)},
V* = (QU(L = P))* = {{vu,al, B2 vw € QU (L — P)},

Oz?, ift, =k; € K;
a, = . Bu=
ok ift, =p, € P—1L,

ﬂ; iwaZZjGL—P;
537 ifv, =qs €Q

(Ptovw> Yt vw)

<:u’ki,ljvyki,lj>a ifty =kie K
and vy =1l; € L - P —Q;
<0-p7‘aqs77_]9r’q.e>7 lf tu = Dr S P — L — K

and v, = ¢s € Q;
<lj—p?éLﬂP (k1 (Kkoi 155 Oprgy)) » ity = ki € K and vy, = g5 € @

lj:pSngP (+2(Vki s> Tpras)) ) s

€o, otherwise.

Third, by analogy with the operation “substitution” described in Section
2.3, we introduce the same operation over EIFIMs (cf. [38,39]). The new
operation is specific only for this type of IMs.

Let the EIFIM A be given and let below L denote the lack of components.

A local substitution of an index degree of the EIFIM is defined for the
index k € K or | € L, respectively, by

(k, 7%, 0%) .
G 4
= [(K* - {<kaak76k>}) U {<k77k76k>}7lﬁ {<ak:,l7/'(‘kz',lj7l/ki,lj>}:| 5

[ )

= [K*a (L* - {<l7al7ﬂl>}) U {<l7al7/Bl>}aL7 {<al,l7,uli,lj7yli,lj>}j| )
(k,7*,0%)  (1,4',4") (k,2*,0%) . {1140
| =[] ([ ] 2)

(k, ¥, B%)" (Lol BY)
i) ([ )
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A local substitution of an index together with its degrees of the EIFIM is
defined for the pairs of indices (p, k) and/or (g,1), respectively, by

(p,a?, %) |
] 4
= [(K* - {<k7ak76k>}) U {<p7 ap’ﬁp>}7L7 {<akal7l"tki7lj’ Vki7lj>}} ’
. {g,09, B7)
o] 4
= [K*v (L* - {<lﬂalvﬁl>}) u {<Q7O‘q7ﬁq>}a‘[’7 {<a’l¢l7/'l’li,lj7l/li’lj>}:| )

et gl o= (o] ([ it 4)
- [ ([feaegsea]a).

Obviously, for the above indices k,[,p, q:

[MLKD o ] )‘[nggilﬁﬂ%K{“ <<qz’,§?,’§f>>}‘4)’
(i fean] ([ ] ) =4

Let the sets of indices P = {p1,p2,....,0u} and @ = {q1,¢2,...,q»} be
given. For them we define sequentially:

* T i pP1  3P1 Pu  [JPu
|:P,J_ A= <p1704 7ﬂ ><pu7a 75 >,J_:|A,
K* i _<k17akl7ﬂkl> <ku7aku75ku>

* i 91 301 Qv 9v
|:J_,Q A= J_, <Q1;04 75 >.“<QU705 7ﬂ >:|A
L*_ L <l1aallaﬁll> <lv7alv76lu>

P*.Q*- B -P*. Q*
{K*’L*_ A= KJ'] ([L L*}A)

Obviously, for the sets K, L, P, Q:

o] (] )= Lo ([ )

| EELT P QT LN
[ (] 1) =

! In the analogical formulas in [20] there are some misprints which are here cor-
rected.
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From the above definitions, in [38] it is proved that for every four sets of
indices P}, Py, Qf, Q3

75, 71, 91] 4 [7.93)

K*' L*

P Qr K*' L*

Finally, for k € K and [ € L and for an element {uy i, V) of the EIFIM
A, we define the substitution
k,l
(01,
(Cm)

and as a result we obtain the EIFIM that has the element (¢,n) in its k-th
row and [-th column instead of the element (pix 1, Vk,1)-

Obviously, . y
(b1, Vi) (Cm) -
(o (G 4) -4

The operations “projection” and “reduction” are the same as in Chap-
ter 1.

Fourth, let (o,*) € {(max,min), (min, max),+, -,...}. In [68], over the
EIFIMEs A and B the operation @ is defined in the form @ (o, +,);(0s,%2)>
by:

A®(°7*)B = [T*v‘/*? {<Ctu7vw7dtuva>}]’
where
T* = K*UP* = {{tu,a,B.) | t, € KUP},
V'=L*"UQ" = {{vw, 0, By) | vw € LUQ},
and
(af, BF), ift, =k; € K — P;
<O(O‘i‘€aa$)’*( {Caﬂf» ifty,=ki=p- € KNP,
(o, ), if v, =1; € L—Q;
<O‘Z)7/8'3)>: <agv g>7 lfvw:(IseQ_L»
(o(aé,a?%*( ;,ﬁg)}; ifvy,=10;=¢€LNQ,

and
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<Ctu yVw ) dtuy”w >

((prs 1y Vhity), L),  ifty =k € Kand v, =1; € L—Q
ort, =k € K—Pandwv, =1[; € L;

(L, {tp, 05 Vprige))s ity =pr € Pandv, =qg; €Q—L
orty,=pr € P—K and v,, = ¢s € Q;

<</u‘ki,lj7/1‘}7mq5>v <Vk1:,ljvypr,q.=;>>v ift, =k = pr € KnpP
and vy, =1 =¢; € LNQ;

(L, 1). otherwise
In the partial case, when A and B are IFIMs,
AD (l,L)B = [Ta V, {<Ctu,vw , dtu-,vw>}]»
where T=KUP, V=LUQ, and

(Clo v s Dt v0)

<<,uk‘1;,lj7yki,lj>7J—>7 ift, =k; € K and v,, = lj c L — Q
ort,=k; € K—Pandv, =1; € L;

<J‘7 <Mpr;QS7Vpr;QS>>’ if tu =Pr € P a‘nd Vw = Qs € Q - L
ort, =pr € P— K and v,, = ¢s € Q;

<<IU/k7i7lj5lu’p'raQS>7 <Vkixlj7l/p'm‘Zs>>’ ift, =ki=p-€ KNP
and v,y =1l; =¢, € LNQ;

(L, L), otherwise.

For brevity, we can write A®B = A® (1, 1)B.

Now, we can check that operation ® over EIFIMs is not idempotent and

commutative, while it is associative.
Let M be the set of all EIFIMs. Let

I!Z = [®3®7J—]3

where symbol “1” here denotes the lack of IM-elements.
Let for every natural number n > 2 and for every n EIFIMs Aq,..., A,
such that for s (1 < s <mn):

lSJv <Oéé,1, 62,1> co lS,nsﬁ <ai‘,n5 ’ ﬂi,n,>
ks, (@f 1,850 | (ke Vhoniden) o (Bkasilans Vhosiln,)
A, = :
° ks (o ;. BE ) Wy ilans Vkaidan) oo v (Mkaiilans Vhaiidams)
Ksmos (08 B M Bk o Ve slon) -+ (Bba Lo Ve sl )
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it holds true that

2

1@1 Ai = A1 DAy,
n —1
i=1 i=1

We can mention that in [68], it is proved that (M, @, Iy) is a monoid.

Fifth, let
K* C P*iff (K C P) & (Vk; = pi € K)((alf < af) & (85 > BF)),
K* C P iff (K C P) & (Vk; =p; € K)((aF <af) & (BE > BF)).

Let the two EIFIMs A and B be given. We shall introduce the following
definitions for relations over EIFIMs, where C and C denote the relations
“strong inclusion” and “weak inclusion”, respectively. We must mention that
in the present form, they are new and extend the existing definitions given
in [20].

The strict relation “inclusion about dimension” is
AcCyB iff (((K*CcP*)&(L*CQ*) VvV (K*CP*) & (L*CQ)
V(K™ C P) & (L* € Q7))
& (Vk € K)(VI € L)(({o, B°) = (o, BL))
Se((af, BF) = (o B2)) & ({(pris via) = (pris ok))-
The non-strict relation “inclusion about dimension” is
AC;B iff (K*C P& (L*CQ*) & (VkeK)(Vlel)
(g, BE) = (af, BE)) &({af, BF) = (o B7))
& ((pns via) = (Phts Ok,1)))-
The strict relation “inclusion about element values” is
AC,B iff (K*=P*)& (L*=Q") & Vke K)(Vl € L)
(o, B = (o, ) &l 5]) = (o, B7))
& ((p,ts Vie) < (Pr,ts o 1)))-
The non-strict relation “inclusion about element values” is
AC,B iff (K*=P*) & (L*=Q*) & (Vke K)(Vle L)
(((ed, BE) = (e, B ) & (s vieg) < (s on))-
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The strict relation “inclusion about indices” is relation !strict inclusion
about indices

AC; B iff (K*=P*) & (L*=Q*) & Vke K)(Vl € L)
(el BE) < (af, BE)) &((af, BE) < (o, BD))
& (<Ml~c,l7l/k7l> = <pk7l70'k7l>))-
The non-strict relation “inclusion about indices” is
AC, B iff (K*=P*) & (L*=Q*) & (Vke K)(Vl € L)
(o, BE) < (af, BE)) &({af, BF) < (o, B7))
& (i, via) = (x> Ok1)))-

We can also introduce combinations of these relations in the following
forms:

AcCy, B iff (ACyB) & (AC, B),
ACy, B iff (ACyB) & (AC, B),
Acy; B iff (AcyB) & (AC; B),
ACy; B iff (ACyB) & (AC; B),
Ac,;B it (Ac, B) & (AC,; B),
AC,;B iff (AC, B) & (AC; B),
ACB ff(AcyB) & (AC, B) & (AC; B),
ACB ff(ACyB)& (AC, B) & (AC,; B)

The strict relation “inclusion about first index values” is
ACiy Biff (K* = P*) & (Vh; = py € K)((ak < a?) & (8" > A1)).
The non-strict relation “inclusion about first index values” is
ACiy Biff (K* = P*) & (Vh; = py € K)((aF < a?) & (8F > 57)).
The strict relation “inclusion about second index values” is
AC; s Biff (L* =Q") & (Vl; =7, € L)((a} < a}) & (B > B7)).
The non-strict relation “inclusion about first index values” is

ACi  Biff (L*=Q%) & (Vl; =rs € L)((a < a}) & (85 > BY)).
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4.5 Operators over IFIMs and EIFIMs

Let A = [K*, L*, {{u, 17,1/k. 1;)}] be an EIFIM, where the sets K* and L*

are defined above. Let Osal W1 (932271/)2 and 04)3 4, be three of the operators

defined in Section 4.1 (O, <, Dqy, - .., Qa,3). Then

1
(Otm Y1) L J_)A
[O}phwl(K*)aL*»{</1'ki,ljvl/ki,lj>}]

. . ll7<all7ﬁi> Tl7< n7ﬂl>
k1a0<p1 w1(<a1’ﬂ1>) <Mk1,l171/1€1,l1> <M/€17nv1/k1,ln>
ki 0%101 %((afﬁﬁ) </’[/ki7l17l/ki7l1> </’Lki7ln7yki;ln> '
km70;17¢1(<aﬁwﬁfr)z>) <Nkm,l17ykm,ll> <Mkm,lnyykm,ln>

(L. OF, 4, LA
= [K*,0%, 4, (L), { ki 1y, Vis 1) }]
o 1,02, 4,4, 8) - 10,02, 4, ((ah, BL))

k1’<a11761> <:uk‘17l1vyk1,l1> </’[’k17n7l/k1;ln>

R z,m ko Vi) o Mk Vi)
km, (a m,5k> (Ko l1s Vhnst) oo (bl s Vi 1)

(J' - O<P3 1113)

[K* L {O<p3 1/)3(<lu’ki,lj7yki’lj>)}]

— llv<al17ﬁi>) m< n7/8l>
k1a<041’51> OF s (W 135 Vi 0)) - O3 (k15 Vo 1)
ki, (a 175k> OF s bty Vi) - O3 (i s Vhiol))
b, {0k, B1) O3 s (k113 Vi 1)) -+ O (b > Vi 1))
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0? 03

p2,9%27 3, ws)A
= (0L, 4, L, DL OL, . L)L, L,0L ,)A)

[Oi’lﬂ/)l( ) 0392 1/12( ) {ngg w3(<Mki,lj’Vki,lj>)}]

(@

P1P10

l1,0<‘2027¢2(<04l1,ﬂi>) ol 09202¢2(<04§m651>)

k1,05, ¢1(<a’f»5f>) OF g ey s Vi 0)) -+ O% (ks s Vi 1)
B klﬂozpl 1/;1(< ic’ﬁzk» Oig7w3(<ﬂkiyll7ykigll>) 0237w3(<uk5igln7yki7ln>)’
km, O, ¢1(<Oéﬁwﬁr’%>) O3 4, (i lqum,ll» e OF g (b 1 Vb 1)

where

(’)1 L (K7 = {O}
- {0891 Py

( klvaiKvﬂiK )|kz EK}
(
03202 wz( ) - {0502 1/12(
({5

)
ki o, BE)IL < i < m},
L, oz, BP)IL; € L}
)

P11

For example,

(O, Fa8,Qa,p)A=[0K", Fo (L"), {O3((ttri 155 Viit; )}
= [{ O ki, o, B)ki € K} {Fa5({1j, 05, B7)Il; € L},
{Qas (bt 55 Vki.0,)) ]
= [{(ki, af*, 1 — o) |k; € K},
{{lj,0f +a(l—af = BF), 87 + B — o = B)))|l; € L},
{(min(pg, 1, o), max(vg, 1, 8))}-
Operator N, g (see, e.g., [20]) gives different results. We will show them

step-by-step. Let «, 8,7,d,6,( € [0,1]] and a+ 8 < 1,7+ < l,e+( < 1.
Then

(Na,g, L, L)A = [Na g K*, L™, {{k, 1, Vi, 1) }]
= [U" L*, {{pki 1> vhi;) 3,
(L Nys, LA = [K*, Ny s L7 { {15 Vi 1) Y
= [K* V" {15 Vi) s
(L, L, Ne)A = QK™ L*, Ne o { (w15 Vi 1) 1]
= Q[K™, L™, {(Ne,¢ (1 15 Vi1, )) 1]
= Q[K™*, L*, {( ity Vi t;) | Bist; > €50k, < CH,
= [R*, 5", {(Pki 15 Tk, s
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where:
U* = {{k;,ar,BEY |af >a & ¥ <B &z € E} C K*,
VE={{lj,a, Bi) [ o >y & By <d &z € E} C L,
and the EIFIM [R*,S*, {(pk,1;,0k,,))}] is obtained by the procedure de-
scribed in Section 2.3.

When A = [K, L, {{ttx, 1, Vk;,1;) }] is an IFIM, then the triple of operators
is modified to (L, L, (’)237%)/1 or (for brevity) restricted to

O%’ﬂﬁA = [K7 L, {OWa¢(<Nki,lj ) Vkiylj>)}]
I ln
k1| Op (k1 Vi 1a) -+ Opp (ks 1> Vi 1))

i | O (ki tns Vi) o O ((liks s Vhi 1)

Em|Og i (e tys Vi 12)) -+ O (ke 15 Vi 1))

4.6 Examples from graph theory. Part 3

Let V = {v1,va,...,v,} be a fixed set of vertices and let each vertex x have
a degree of existence a(x) and a degree of non-existence B(x). Therefore, we
can construct the IFS

V= {<v,a(v),ﬁ(v)>|’u € V} = {<vi’a(vi)aﬁ(vi)>|1 <i< TL},

where for each v € V: a(v), B(v),a(v) + B(v) € [0,1].

Let H be a set of arcs between the vertices from V. Following [17], we
can again juxtapose to each arc a degree of existence u(z,y) and a degree of
non-existence v(x,y). Therefore, we can construct the new IFS

H* = {{{z,y), u(z,y),v(z,y))|z,y € V}
= {<<vi7vj>7u(vi7vj)7V(viﬂvj)>|1 <i,5< TL},

where for each z,y € V:

w(z,y), v(z,y), p(z,y) + v(z,y) €[0,1].

Now, for the graph G = (V,H) we can construct the Extended Intu-
itionistic Fuzzy Graph (EIFG) G* = (V*,H*). It has the following IM-
representation:
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V=V Lwlvi, v5), v (i 05)) 1]

v, (a(v1), (1)) -+ vn, (@(vn), B(vn))
U1, <Oé('l)1),6(’01)> <:U‘U1,v131/v1,111> T <ﬂv1,vm’/v1,vn>
- Vi, <Oé(1}i-)7 /B(Uz» <:u'Ui7Ul a VU'L',U1> T <uv'iavn 7 VUi71Jn> ’
Un, <04(’Un')7 B(Un» <Mvn7v1 7 Vv,,b,v1> te </~Lvn,vn 7 an,v">

where for every 1 < i < n,1 < j <0 iy, 05 Voro; € [0,1], oy 05 + Voy vy €
[0’ 1]7 O‘(Ui)a 5(”1) € [07 1]) O‘(vi) + ﬂ(vl) € [Oa 1]

Let us discuss here for simplicity only the case of an oriented graph.
Let us denote by * — y the fact that both vertices z and y are con-
nected by an arc and x is the source, while y is the target. Let operation
o € {+, max, @, min, x }.

We call that the EIFG G* is “well-top-down-(very strong, strong, middle,
weak, very weak)-ordered”, or shortly, “well-top-down-o-ordered”, if for every
two vertices v; and vy, such that v; — v;, the following inequality holds:

<aia6i> o <,uvi7vjayvi,vj> Z <aj75j>-

Analogously, we call that the EIFG G* is “well-bottom-up-(very strong,
strong, middle, weak, very weak)-ordered”, or shortly, “well-bottom-up-o-
ordered”, if for every two vertices v; and v;, such that v; — v;, the following
inequality holds:
<aia 6l> © <IU/'Ui7'Uj ) V'Uiyvj> < <aj7 BJ)
We illustrate the IM-interpretation of the EIFGs by the following example.
Let us have the EIFG G* of the form Figure 4.1.

h
Figure 4.1. EIFG G*
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The H*-component and the arcs of Hj with their evaluations have the

following form:

H* - [{<a7§a§> <b % %),(C éa%>7<da%aé>7<ea%7i>7<fa%a%>a g?%v%>a<h‘7%7%>}a
{(a, 5,30 (0, 5,50, (6 5,50, (d, 5, 805 (e 5, 1) (150 205 (95 2, 2), (s 5, 5) )
{1ta,y,s Va,y }]-
Now, having in mind the discussion in Section 2.7, we can modify the IM
to the form
H* - [{(a,%,%),(b,%,%),(c,%,%),(d,%,é),(e,% i) < 7107;> <g %7%>}7
{<d7 §7 é>7 <€, %7 i>7 <f7 %7 %)7 <ga %7 %>7 <h %, é)}v
{H:t7y:l’x,y}}~
The form of the new IM is
4G @@ LD 9@ Ak
a(3:5 ] (13 (31 (0,1) (0,1) (0,1)
b (3.3 | (3,00 (0,1 (0,1) (0,1) (0,1)
¢, (5.5 0,1) (33 (0,1) (0,1) (0,1)
43,8 01  ©On (2 (G5 01
e.($, 1] (0,1) (0,1) (0,1) (2,8 (0,1)
o O 01 01 01 (57
9,(3,3)| (0,1) (0,1) (0,1) 0,1) (2,3
Now, we can apply one or more of the level-operators Ngl 01,N§2 0o

N3

P3,03

and as a result, the form of the graph will be changed. It is important

to mention that in the present case (when the two index sets coincide), the
first two level operators must have equal parameters and, therefore, if some
vertex has to be omitted from one of both index sets, it will be omitted from

the other index set, too. For example, if we apply operator N1

over G*, we

obtain o

d»<%’%> e,(%,%) gv<%’§> h7<%7%>

a (3,5 (1.5 01 {01 (01

b (3, 5| (3,0 (0,1) (0,1) (0,1)

N1 (G)=c (3,3 0.1) (53 (01 (0,1
d.(3.5)| (0.1 (01 (35 (01

e,(3. 1) (0,1) (0,1 (35 (01

9.(3, %) (0.1)  (0,1)  (0,1) (3.5

and the new graph has the form Figure 4.2.



4 Intuitionistic Fuzzy Index Matrices (IFIMs)

94

1.(GY)

Figure 4.2. An EIFG N

13

On the other hand, if we can apply, e.g., operator N3 , over G*, we obtain

—ho

(0,1)

(0,1)

(0,1)

—~

Ao
~

SN

o~ N~~~ T
L e e B e A e Al i D)
S O O O O Hmomn
= = < <
o~~~ TS TS
— = = O HO —
S 9O 2O miram O
= = < U~
o~~~ o~~~
— Lo B e B e I e
oSO o o o o
= - - - =
T
I o~ = = o~
Ha O O O O O
—_ —_— = = = <
TS N o~ o~~~
o O = = o~
mtNm O O O O
L — — Y = =
o~ o~~~ o~ 9
=l —on —~|e —[00 —|<f mho
HI 120 —1en Qo eolt —|2
~ o~ ~ ~ ~—
SISO SIS D S
—
<
~—
—|o
kel

and the new graph has the form Figure 4.3.

3
11
1°3

Figure 4.3. An EIFG N
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and the IM G* can be reduced to

d.(35) & 93 Y bt
alz 5| 15 (D (0,1) (0,1)
b,(3,3)| (3,0) (0,1) (0,1) (0,1)
e, 5| 0.1 01 (01 (1)
d,(3,5)| (0,1) (0,1) (3.5 (O
e, (33| (0,1) (0,1) (3,5)  (0,1)
F D] 010 (01 (01 (57)
9.8 (0.1  (©1 01 (&

Obviously, vertex f remains in the first index set, because an arc goes out
of it. On the other hand, vertex ¢ here is an isolated one.

The present text was published in [17] and related results were published
in [67,69].

Let us have the following two simple graphs X and Y Figure 4.4:

a e G f
g/
b
[ ] [ ]
c F d h
Figure 4.4. Graphs X and Y

and let their respective EIFIMs be

| b, (y1,81) ¢ (72,82) d,(73,03)
X* = a,(on,b1) | (HapsVap) (0,1) (0,1)
b, (a2, B2) 0,1)  (o,ervbe) (Hb,ds Vo,d)

and
| 9, (n1,01) b, (n2,02)
yr = & (€1:C1) | (Heg, Ve,g) (0,1)
fie2,C) | (kfg:vrg) (0,1)
9,(e5,G) | (0,1)  (ugn vgn)

If we know that vertices a and e; b and g; and d and h coincide, then by
operator “substitution” defined over IM from EIFIM Y™ we obtain the new
EIFIM
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‘ b7 <7717 01> d7 <772> 62>
Z* — |:€ g h:| Y* — a, <515<1> <.u“6,gal/e,g> <07 1>
a f
b

) <52, CQ> <N’f-,97 Vf79> <07 ]->
(€3, C3) (0,1)  {Hg,hsVgn)

We must mention that we keep deliberately the old indices of p and v func-
tion, because in the opposite case on the next step there may be a confusion.

Now, if we would like to unite IFGs X and Z using their EIFIM-represen-
tations X* and Z*, then we will obtain the graph Figure 4.5:

a f

c d
Figure 4.5. The union of graphs X and Z

which has the EIFIM-representation
X* @(*,*70) Z*

‘ b7 <717 61> * <771701> c, <’}/2’ 62> d7 <73) 63> * <772792>

_ a, (o, Br) * (€1, C1)|(Habs Vap) © (€1,¢1)  (0,1) (0,1)
b, (a2, B2) * (€3, C3) (0,1) (b,c, Vo,e) (Mb,ds Vb,d) © (tg,hs Vg,n)
file2,C2) (Kf.g:Vrg)) (0,1) (0,1)

What will be the sense of operations o and % depends on the particular
situation. For example, we may want to decrease the degree of validity (exis-
tence) and increase the degree of non-validity (non-existence) of the vertices
of the new graph and simultaneously to increase the degree of validity (ex-
istence) and decrease the degree of non-validity (non-existence) of the arcs.
Then operation o shall be V and operation * shall be A. Obviously, this
situation cannot be obtained with the standard form of the operation .

Similarly, we can illustrate the two other operations ® and ©.

4.7 Level operators over IFIMs and EIFIMs

As it is mentioned in [53], there are two groups of level operators. The opera-
tors from the first group are applicable as over EIFIMs, as well as over IFIMs,
while the operators from the second group are specific only for EIFIMs.
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Let us have the EIFIM A = [K*, L*,

97

(ks 155 Vi 1)), where (g, 15, vk, ;) is

an IFP. Then we define for two fixed numbers «, 8 € [0, 1] such that o+ < 1:

L 5(A)=[K", L,

</"Lki’lj’ szwlj>7

Where <pk'i7lj’o—k'i7lj> = { <0 1>

>
Lis
</’Lk7i’lj’ Vki,lj>7

Where <pk'i7lj’o—ki7lj> = { <() 1>

L5 5(A) =[K", L,

<:uki L Vil >7

where (pr; 1;, Ok,.1,) = { (1,0)

£§,5(A) = [K*a L*,

(Hkes 5 Vi 15 ) s
where <pk17lj’o—k5i7lj> = { ! !

(1,0),
Let for K, L C Z:
O;{*,L* = [K*,
E;{*,L* == [K*,

(4) = [K", L7,

{<pki,lj70'ki,lj>}]v

if </’Lki7lj ) I/ki,lj> > <a7 ﬁ> )
otherwise ’
{<pki’l]’7o’ki7l]‘>}]7

if </’l’kiylj ) I/ki,lj> > <O‘7 5> )
otherwise ’

{<pki,l]-70'ki,lj>}]7
i (s 155 Vrit;) < (@, B)

)

otherwise

{<pki7l_7’30—ki7l_7‘>}]7
if </‘Lki-,lj71/ki1lj> < <avﬂ>

otherwise

L7 (0, D],
L7 A{{1,0)}]

denote the zero and unit EIFIMs with index sets K* and L*. Obviously, the

following equalities are valid for every
that o + 8 < 1:

> *
E,ﬁ(OK*,L* )

‘C(i,ﬁ(O;(*,L*) = {

. .
Ofe s

i .
B e

two fixed numbers «, 8 € [0,1] such

55,5(0;(*,1:*) = O}((*,L*v
L

*
O s

<
E&,B (O;(*,L* ) = Ok- JL*

£5,5 (E;{L ) = {

> *
ca,ﬁ(EK*,L* )

L3 5(Bice 1+) = Efce 10

< * *
‘Ca,ﬁ(EK*,L*) = EK*,L*'

*
Efe 1+

*
OK*,L*’

E3
Efe 1+

if (o, B) > (0, 1)
1f<a’ﬁ>: ) ’
if (o, 8) > (0,1)
1f<aa5>: 71>,
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In [53], it is proved that for each EIFIM A and for every two IFPs
(a,B), (v, 0):

A

(max(e,y),min(3,5)) ’

( (4)) (A)
L7 (L85 (A) = Liax(o ) mings.o0) (A)
B (A)) (A)
( (4)) y (A);

Lot (L35 (A) = Limin(am) max(s,6y) (A):
E(Sa@ £3,5(A) = Liisina ) masx(s ) (A
and also
( (A)) = £<>~,,5> (£<>a,5) (4)),
L3, 5 (L 5 (A) = LT, 5,(£3, 5y (A)),
L3, za>( Gy (A) = LE 5 (L7, 5 (A)),
oy (L0 (D) = LT, ) (LT, 5 (A)).

In the same paper it is proved that if the two EIFIMs A and B are given
and if («, B) is an arbitrary IFP, then

(2) L7, 5)(A4) B4 £< ) ( ) Co £> 5 (A® ) B),
(c) [Ea,m (4) &) ﬁia 5) (B) Cy E Gy (A®() B)
(d) ‘C(>a,/3> (A) @) [’<>a 8) (B) 2 ‘C(a,ﬂ) (A®n B),
(e) Ega,ﬁ) (A) @(+) ‘C’>(7a B) (B) - ‘C>(oz,B) (A @(+) B),
() L7, 5(A) @) E(a@ (B) 2. 5@7@ (A@(, B),
> > S
(h) E(}ﬁ) (A) ®ny ‘C<_a,5> (B) Qv £<—a$ﬁ> (A®(n B),
() £3,5(A) @(4) LT (B) o LT, g (A@(1) B),
(1) ‘C(<a,,8> (4) &) £<a,5> (B) 24 /3<<a”3> (Ae(y B),
(m)‘c(ga,ﬂ> (A) @(‘i‘) ‘C(Sa B) (B) Sy £<O‘»B> (A EBH.) B),
< < <
(n) ia,m (4) &) ﬁ((éﬁ) (B) 2, ﬁ(a,@ (A, B),

As it is mentioned in [53], if we change operation @) with operation
®@(o) OF O(o,4), the inequalities will keep their forms and the proofs will be
analogous.
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Now, we will modify the operator automatic reduction from [20] to the
form:

Q(4) =[P, Q" {bp, ¢.},
where P C K,Q C L are index sets with the following property:

(Vk € K* — P*)(Vl € L*)(ax, s, = (0,1)) & (Vk € K*)(Vl € L* — Q")

(ak;1; = (0,1)) & (Vpr = ki € P)(Vgs = 1; € Q)(bp, .q. = Ak, 1;)-

Therefore, this operator removes the rows and columns of EIFIM A that
contain only elements (0, 1).

Now, we will give definitions of the operators from the second group and
will discuss some of their properties.

Let us have the EIFIM A = [K*, L*, {{ux, 1,,Vk,1,)}] and for the two
numbers «, 8 € [0, 1] such that o + 3 < 1:

LE,(X,B(A) = [F*aL*a {(Hki,ljvyki,lj>}]a
where here and below K= = {{k;,v¥,05)|k; € K} = {{ki,7F,6F)1 < i <m}

and
{(af,ﬂf% if (of, BF) > (. B)

k sk
Vi (51 = )
< > (0,1), otherwise

[’IZ%,Q,B(A) = [F*’ L7, {<Mki,lj > Vkil )

{Mﬂﬁf), if (af, BF) > (o, B)

where (vF,6F) =
< ) (0,1), otherwise

)

LE,&,B(A) = [F*a L, {(HkiJj >y Vki 1 >}]a

af, B7), if (af, BF) < (e,
where (of,38) = { (@0 P T len A <fes),
(1,0), otherwise
L}%,aﬁ(A) = [F*aL*a {(Hki,ljayki,lj>}]a
af,ﬁf, if af,ﬂf S O‘aﬂ
whete (of,3f) = { (9000 Blen Ao < s,
(1,0), otherwise
£é’,a,5(A) = [K*vZ*v {<lukialj7yk7i’lj>}}7
where here and below L = {{ki, 7L, 6|k € K} = {(ki, 4, 00]1 < i < m}
and
h { (af, B]), if (af, B)) > (@, B)

)

!
Y3 0;
< (0,1), otherwise
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£Z.05(4) = K L7 {{netys v},
<O‘§’B£>, if <O‘wﬂ£> Z <O‘a6>_
(0,1), otherwise ’
‘CCaﬁ( ) [K*vZ*ﬂ{<:uki,ljvyki,lj>}}v
(al, 81, i (al, 81 < (a,8)
(1,0), otherwise ’
ﬁg’,a,ﬁ(A) = [K*,f*, {<luk'ialj7yk7i’lj>}}7

(al, 81, if (al, BY) < {0, B)
(1,0), otherwise ’

where (41, 61) = {
where (4!, 6}) = {

where (v}, 6}) = {

Now, Theorem 1 of [53] preserves its sense when we change operator
Lz  With any of the operators L% a,p and £Ca g+ Where z € {>,>,<,<}
Moreover the next assertion is vahd for each EIFIM A and for every two

IFPs («, 5}, (v, 9):

7%,04,6 (‘Czé',a,ﬁ (A)) = ‘C%,a,ﬁ(‘czR,a,,B (A))a

where y,z € {>,>, <, <}

Theorem 2 from [53] also preserves its sense for each of operations
@o, ®o, @o,« Wwhen we change operator /Jflﬂ with any of the operators L3 , 5
and Lf, , 5, where z € {>,>, <, <}, and relations C, and 2, with relations
Cg4 and Dy, respectively.

Finally, we modify again the operator automatic reduction to the
forms:

@R(A) = [P*v L, {bpmqs}]v
where P* C K* are index sets with the following property:

(Vk € K = P)({af, ) =(0,1)) & (¥p, =k; € P)(Vas=1; € L)(bp, q. =ar,1,),
Qc(A) = [K* Q7 {by, 4.},

where @Q* C L* are index sets with the following property:

(V1 € L-Q)({ef, B;) = (0,1)) & (Vas = Ij € Q)(¥p, = ki € K)(bp, g, = i, 1,).

Finally, we would like to mention that IFSs have other extensions that can
also be the basis for new types of IFIMs. Such extensions are, for example,
Circular IFSs [33], Elliptic IFSs [34], IFS of the second and n-th type [7],
multidimensional IFSs [13], and others.



5

Interval-Valued IFIMs (IVIFIMs)

5.1 Definition of an IVIFIM

The results in this section were originaly introduced in [35]. Here, we will
follow—and correct—some results from this paper.

Let I be a fixed set. By an Interval-Valued Intuitionistic Fuzzy Index
Matrix (IVIFIM) with index sets K and L (K, L C I), we denote the object:

[Kv La {<Mk7‘,,l_7‘ ) Nkml_7’>}}

I L L
k| (Myy 0y, Niyy) - Mgty Neyty) oo (M1, Ny ot,)

ki | (My, 0y, Negay) oo (May, Nigy) oo (M1, Nk 1)

B | (M 1y s Nigotn) <+ (M 155 Niey 1) -+ M 15 Nk 1)

where for every 1 < i < m,1 < j < n: My, 1, Ni,y, € [0,1], sup My, i, +
sup Ng, 1, <1 and

ms

K= {k17k27"'7k’m}a
L = {lla127"'7ln}'

Now, for the above sets K and L, the Extended IVIFIM (EIVIFIM) is
defined by:
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[K*7L*7 {<Mki,lj7Nki7lj>}]

I, (A, B) ... lj,<Alj,Blj> coe n, (A1, By,)
kv, (A, Bry) | My 0y Niyy) oo (Mig gy Neyty) oo (Mg 1, Nk t,,)

ki, (Ak;s Br,) | (Mtys Niegiy) - (Mg ay, Niiy) - (Mg 0,5 Nig,)

By (Akp s Bl ) |[{ My 11 s Nicy 11 ) -+ M 155 Ni3) +++ (M 15 Niey 1)
where for every 1 <i<m,1<j<mn:

My, 1,5 Ni,1; € [0,1],sup My, g, +sup Ny, i, <1,
Ay, B, € 10,1],sup A, + sup By, <1,
Ap;, By, €10,1],sup Ay, +sup By, <1
and here and below,
K* = {(ki, Ak, Br,)|ki € K} = {(ki, Ag,, B, )|1 < i <m},
L ={(lj, Ay, Biy)llj € Ly = {{l;, Ai;, Bi,)|1 < j < n}.
Let
K*CcP* it (K CP)& (Vk; =p; € K)((Ax, C* Ap,) & (By, O* By,)),
K*C P* iff (K CP)& (Vki =p; € K)((Ag; C Ay,) & (Bi, 2 By,)),

where for two arbitrary sets X and Y:

X 'Y iff inf X <infY and sup X < sup?,
XDO'"Y iff infX >infY and sup X > sup?,
XC'Yiff infX <infY and supX <sup?,
XD'Yiff infX >infY and supX > sup?Y.

We must note that the above relations are marked with “x” to differentiate
them from the standard set-theoretical relations C, D, C, D.

Below, we will work only with EIVIFIMs, because the IVIFIMs are partial
their cases.

The pair (M, N) is an Interval-Valued Intuitionistic Fuzzy Pair (IVIFP)
if and only if M, N C [0,1] and supM + sup N < 1. For example, there
the first interval-valued intuitionistic fuzzy implication (called first Zadeh’s
interval-valued intuitionistic fuzzy implication) of IVIFPs (M, N) and (P, Q)
has the form:

z —1 y = {[max(inf N, min(inf M, inf P)), max(sup N, min(sup M, sup P))],
[min(inf M, inf @), min(sup M, sup @)]).
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In the same manner, we can construct the interval-valued intuitionistic
fuzzy conjunctions and disjunctions. For example, the following intuitionistic
fuzzy conjunctions and disjunctions can be introduced (cf. [26]):

x Agy =x Ay = ( [min(inf M, inf P), min(sup M, sup N)],
[max(inf N, inf @), max(sup N, sup Q)])

xVay =xVy=([max(inf M, inf P), max(sup M sup N)],
[min(inf N, inf Q), min(sup N, sup Q)])

x Aoy =x+y = ([inf M+inf P—inf M inf P, sup M +sup P—sup M sup P],
[inf Ninf @, sup N sup Q])

x Vo y =x.y = ( [inf M inf P, sup M sup P],
[inf N+inf Q—inf N inf @, sup N+sup Q—sup N sup Q])

Let “x” and “o” be two fixed operations over IVIFPs and let
(M,N) = (P,Q) = (M % P,N %, Q),
<M7N> © <P7Q> = <Mol P7NO’I“ Q>7

“ 7

where the forms of operations “*;” and “x,”, and operations “o;” and “o
are determined by the form of the operation “*” and “o”, respectively.
For the EIVIFIMSs

A = [K*7L*7{<Mki,lj7Nki,lj>}]7
B = [P*7Q*7{<RPT7QS7 Spmqs>}}7

with
= {(ki, A, Bi,)|ki € K},

(

(lj, Ay, By;)|l; € L},
<pmcwaqs>|p1 € P},
<qS7CPr7DCIs> s € Q}

operations that are analogous to the usual matrix operations of addition and
multiplication are defined, related to IVIF-nature of the presented IMs.

{
{
{

5.2 Standard operations over IVIFIMs

Below, we will discuss the operations over IVIFIMs similarly to the previous
chapters.

Addition-(*)
A®e B=[T7V" {00 Yruow) s

where
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T = K*UP* = {(ty, As,, Bt,)|tu € KU P},
VY =L*UQ@Q* = {(vy, Ay, By, )|vw € LUQ},
A,  ifty=k € K —P;
A, = Ap, ifty,=p, € P—K;
A, UA,, , ift,=Fk =p. € KNP,
By, ifv,=1; € L—-0Q;
B,, = B,., ifty=9q9:€Q—L;
B,, N By, ifty=vy,=¢ €LNQ,
and
(My, 1, Niii;), ifty =k € Kandw, =1; € L —Q;
ort,=k;€ K—Pandv, =1[; € L;
(Rp,.q.sSprge), fty=p-€Pandv,=¢ €Q—L
orty=pr € P—K and v, = ¢5 € Q;

<Mk7’,,l_7’ * R Qs if ty =k =pr € KnP
Nki,lj >(<T"51T7115>7 and Uw:lJ:qSGLﬂQ

<¢tu,vw ) LDtu,7jw> =

([0,0],[1,1]),  otherwise.

Termwise multiplication- ()

A ®(*) B = [T*v V*7 {<q§tu,vw ) Wtu,vw>}]7

where
T = K*NP*={{tu, As,,Bt,) | t. € KU P},
VY =L*NQ* = {(vy, Ay, Bu,) | vw € LUQ},
Ay, =Ap, NA,,, fort, =k =p. € KNP,
B,, =B, , UDB, ,forv, =1l =q¢. € LNQ,

and

(Pt i Yruwn) = (Mt %1 Rp, g0 Nty #r Sprgu)-
Multiplication-(o, %)
AO@oum B=[T" V" {{Pt, 00 Pt v )}
where
T* = (KU (P
V*=(QU (L

{(tu, As,, By,)|tu € KU (P — L)},
{(Vw, Av,, , By, )|vw € QU (L — P)},

L) =
P))

A, — Aki, ift, =k; € K, B — Blj7 ifvw:leL—P,
e APM iftu:prEpr, e quv iquu:q:seQ'
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<¢tuﬂ)w ’ Wtu yVw >

<Mk7i7lj7Nki,lj>7 if tu = ki c K
and v, =1l; € L — P —(Q;
(Bp,.qss Sprog.)s ifty,=p, e P—-L—-—K

and v, = g5 € Q;

< ljglpr(Mk'L;lj *l RPsz)) -OT (Nkl)l_] *T Spr;ga)>’ if tu = k'L € K

L=y

ELNP ELNP and v, = g5 € Q;

([0,0], [1,1]), otherwise
Structural subtraction
A S B = [T*J V*J {<¢tu,vw7!ptu,vw>}]u

where
T = (Kﬁp)* = {<tu7Atu7Btu>‘tu € KﬁP}v

Ve = (L - Q)* = {<Uw7Avava>|’Uw eL - Q}7
for the set—theoretic subtraction operation and
Ay, = Ay, fort, =k, e K- P,
va :Blj, fOI"’Uw:lj GL—Q
and <@tu7vw,wtuva> = <Mki,lj7Nki,lj>7 fort, = k; € K — P and v, = lj €
L-Q.
Negation of an EIVIFIM

—A = [T, V" {~( My, 1;, Nk, 1;)}]s

where — is one of the possible interval-valued intuitionistic fuzzy negations
that can be defined on the basis of the definitions of intuitionistic fuzzy
negations.

5.3 Relations over IVIFIMs

Let the two EIVIFIMs A = [K* L* {(Ax., Bk:)}] and B = [P* Q*,
{{Cp.q, Dp.q)}] be given. We shall introduce the following definitions where
C and C denote the relations “strong inclusion” and “weak inclusion”.

The strict relation “inclusion about dimension” is
AcCy Biff ((K*C P& (L*C@QY) v (K*CP") & (L*CQ"))
VIK*CP)&(L*CQ")) & Vke K)(Vle L)
((Ak,1, Bi) = (Chi, Dii))-
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The non-strict relation “inclusion about dimension” is

AC,Biff (K*CP*) & (L*CQ")
& (Vk € K)(Vl € L)((Ag,1, Bri) = (Cr1, Diy))-

The strict relation “inclusion about value” is

AC, Biff (K*=P*) & (L* = Q")
& (Vk € K)(Vl € L)({Ap, Brg) € (Cri, Di))-

The non-strict relation “inclusion about value” is

AC, Biff (K* = P*) & (L* = Q%)
& (Vk € K)(Vl € L)((Ag1, Biy) € (Criy Dy ).

The strict relation “inclusion” is

AC. Biff (K* C P*) & (I* € Q%)) v ((K* C P*) & (L* € Q%))
v (K* C P*) & (L* C Q")) & (¥ € K)(Vl € L)
((Ak,1, Bi1) C* (Chryi, Diyt))-

The non-strict relation “inclusion” is

AC, Biff (K*C P*) & (L' C Q%) & (Vk € K)(Vl € L)
((Ak,1;, Bii) € (Cry, Diy))-

The strict relation “inclusion about first index values” is
ACiy Biff (K*=P*) & (Vk; = pg € K)((af < of) & (BF > pP)).

The non-strict relation “inclusion about first index values” is
ACiy Biff (K*=P*) & (Vk; = pg € K)((of < ab) & (BF > 7).

The strict relation “inclusion about second index values” is

ACys Biff (L* = Q) & (V; =75 € L)((o] < ap) & (85 > 7))

The non-strict relation “inclusion about first index values” is

AC;  Biff (L*=Q") & (Vl; =7, € L)((a} < a}) & (B > B7)).



5.4 Other operations over IVIFIMs 107

5.4 Other operations over IVIFIMs

Let the EIVIFIM A be given and let kg ¢ K and ly ¢ L be two fixed indices.
Now, we introduce the following two operations over it having a general
form.
Let “x” be a fixed operation over IVIFPs.

(*)-row-aggregation

‘ li, (A1, Bry)
P (Asko) = o
x A, *. DBy, . My, *. N,
0 lgilgm ks 1<i¥m ks 1§il§m ksl 1<i¥m kil

ln7 <Alna Bln>

. . My, *. N, ’
<1Sil§m Fidn 1<i&m k“l">

l x  Ap *. DBy,
00\ 1<ibm Tl 1< Tl

(*)-column-aggregation

km, (A, B x M, . *,. N, .
mv< ko s km> 1§il§m k"“lf’lgz‘gm km,lj

Here and below we use the symbol “1” indicating lack of some component
in the separate definitions. In some cases, it is suitable to change this symbol
with “([0,0],[1,1])”. This is realized by some of the operations “reduction”
over an EIVIFIM.

First, we introduce the operations (k, L)- and (L,[)-reduction of a given
IVIFIM A:

A(k,L) = [(K - {k})*, L, {<Ptu,vwaQtu,vw>}]
where (P, v, Qtyv,) = (M, 1, Nk, ;) for ty = ks € K —{k} and v, =1; €
L and

Ay = K5 (L= {1 AP a0 @t vu) s
where (P, v,,Qt,v,) = (Mg, 1;, Nk, ;) for ty, = ki € K and v, = [; €
L —{i}.
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Second, we define

Ay = (A, 1)) () = (A ) e, 1)

Third, let R = {k1,ko,...,ks} C K and S = {q1,92,...,qt} C L. Then,
we define the following three operations:

Arpy = (A ) (k) ) (k)
A,y = (- ((Ayty)) (kita)) * ) esde)s
Ars)y = ((Ap1,9) 02.5) ) = (- (ARug) (Roga)) " ) (Roge)-

Let M C K and N C L and A be an EIVIFIM. Then, operation “projec-
tion” over an EIVIFIM has the form

PI“M,NA = [M,N,{(P;, v,> Qt, v) }];
where for each k; € M and each I; € N,
(Pritys Qrity) = (M, 155 Nigy 1)
Obviously, for every EIVIFIM A and for the sets M; C My C K and
Np € Ny C L the equality
pTMl,NlpTMz,MA = per,NlA
is valid and for M C K, N C L, and the following equalities hold true:

pranA=Ak-mL-N),

AM,N = PYK—M,L—NA-

5.5 Modal and level operators over IVIFIMs

Below, we will discuss the possibility to apply some of the operators defined
over IVIFSs, but now, over EIVIFIMs. Some of the basic operators over
IVIFSs are the following (see [31]):

Modal operators

OA= {{z, Ma(x),[inf Na(x),1 —sup M4 (z)]) | z € E},
QA = {(z,[inf My(x),1 —sup Na(x)], Na(x)) | x € E},
D, (A) = {{z,[inf M4(x),sup Ma(x) + a.(1 —sup M4 (z) — sup Na(z))],
[inf Ng(x),sup Na(x) + (1 — a).(1 —sup Ma(z) — sup Na(z))])
|z € E},
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Fop(A) = {{z,[inf Ma(z),sup Ma(x) + a.(1 —sup M4(x) — sup Na(z))],
[inf Ng(x),sup Ng(x) + B.(1 — sup Ma(z) — sup Na(z))])
|z € E}, fora+ <1,

Gap(A) = {{z, [a.inf Ma(z), a.sup Ma(z)], [8.inf Na(z), 5. sup Na(z)])
|z € E},

H, (A) = {{z, [a.inf M (z), o. sup M4 (z)], [inf Na(z),
sup N4 (x) + B.(1 —sup Ma(z) —sup Na(x))]) | z € E},

H} 5(A) = {(z, [o.inf Ma(z), . sup Ma(z)], [inf Na(x),sup Na(z)

+ B.(1 — a.sup Ma(z) —sup Na(z))]) | v € E},

Ja,8(A) = {{z, [inf Ma(z),sup Ma(x) + a.(1 —sup M4(x) — sup Na(z))],
[ﬂ~ianA($)vﬂ~supNA(m)]> | T e E}v

I3 5(A) = {(z, [inf Ma(x),sup Ma(z) + o.(1 — sup Ma(x)

—B.sup Na(z))], [B-inf Na(x), B.sup Na(z)]) | « € E},

where «a, 8 € [0,1].

Fopq6(A) = {(z, [inf Ma(z) + a.(1 — sup My(x) — sup Na(z)),
sup Ma(z) + B.(1 — sup M4 (x) — sup Na(z))],
[inf Na(x) +v.(1 — sup Ma(x) —sup Na(x)),
sup Na(z) 4 6.(1 — sup Mu(z) —sup Na(z))]) |z € E}

where 8+ 6 <1,

Ga,pqy,6(A) = {(z,[a.inf My (), B.sup M4 (z)],
[v.inf Ng(x),0.sup Na(z)]) | € E},

Hup06(A) = {(z, [a.inf M4(z), 5.sup M4 ()],
[inf Na(z) +7.(1 — sup Ma(z) — sup Na(z)),
sup Ny(x) +0.(1 —sup Ma(x) —sup Na(z))]) | z € E}

*

Fa”@’%&(fl) = {(z, [a.inf M4 (z), B.sup Ma(z)],

[inf Ng(z) +~v.(1 — B.sup M4 (z) — sup Na(z)),

sup Na(x) + 8.(1 — 8. sup Ma(x) — sup Na(2))]) | = € )
Japns(A) = {{(z,[inf Ma(z) + a.(1 — sup M4 (z) — sup Na(z)),

sup Ma(z) + B.(1 —sup M 4(x) — sup N4 (x))],

[v.inf Ng(x),0.sup Na(z)]) | x € E}
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*

ja7ﬁ77’5(A) = {{z, [inf Ma(z) + a.(1 — d.sup Ma(x) — sup Na(x)),
sup Ma(z) + S.(1 — sup My (x) — d.sup Na(z))],
[y-inf Na(z),d.sup Na(x)]) | z € E}

where «, 8,7, 6 € [0,1] such that o < 3 and v < J;

Level operators

P, 3(A) = {{z, [max(a, inf M 4(z)), max(ca, sup Ma(z))],
[min(f, inf N4 (x)), min(5,sup Na(x))]) | z € E},

Qa.p(A) = {(z, [min(a, inf M4 (z)), min(c, sup Ma(z))],
[max(3,inf Na(z)), max(3,sup Na(z))]) | = € E},

where a, 8 € [0,1] and o+ 5 < 1

P p~.5(A) = {(z, max(«,inf Ma(z)), max(3, sup M4 (z))],
[min(~,inf Na(z)), min(d,sup Na(z))]) | € E},

Qa.p,4,6(A) = {(z, min(a, inf M4 (z)), min(3, sup Ma(x))],
[max(7,inf Na(z)), max(d,sup Na(z))]) | € E},

where «, 8,7,0 € [0,1] such that a < 8,y < §and f+J < 1:

Let, as above, x = (M, N) be an IVIFP and let O%,0%,03% be three
interval-valued intuitionistic fuzzy operators with parameters X,Y, Z, respec-
tively. In practice, the parameters X,Y, Z can be IFPs or IVIFPs.

The three operators affect the K-, L-indices and the (My, 1, Nk, 1;)-
elements, respectively. They can be applied to an EIVIFIM A sequentially,
or simultaneously. In the first case, their forms are

‘ l17<A117Bl1> ln7<Aln7Bln>

k1,0% ((Aky» Br,)) | (M, 00 Niyy) - (Mg 1,5 Nio )
(Ok, L, 1)(4) = Y _ . .

)

K> O% (A s By )| (M 11 Nieyo ) - -+ (M 15 Ny 1)

‘llaO%(<Al1’Bl1>) lmO%/((AlmBln»
ki, (Aky, Bry) | (Miy 1y, Ney ) -+ (M, 1,5 Nk 1,,)

(L, O%/a L)(A) =

)

km’ <Ak7n ’ Bk7n> <Mk7n7ll ? Nkml1> te <Mk77n7ln ) Nknuln)
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‘ 117<A117Bl1> ln7<Aln;Bln>

(L 1.03)(A)= k1, (Ak,, Br,) |05 (Mg, 1, Niy 1)) - - - O (M, 1,5 Niy 1))

km7<Ak3m7 Bk7n> O%(<Mk77n7l17 Nkmall )> o 'O%(<Mk77n;ln ’ Nk7n7ln>)
In the second case, the form of the triple of operators is

(0x,0%,0%)(A)

1,03 ((Ai,, Biy)) ... 1,03 ({41, By,))
ki,0% ((Ak,, Br,)) | OL (Mg, 1, Niy ) - OF((Miy 1,5 Ny 1,,))

ki, O ((Ak,, Bx,)) | O%((Mi, 1, Niyti)) - O%((Mi, 1,5 Niy))

km, O% ((Ak,.» Br,,))|0% (Mg, 11, Nipty)) - - O%((My,, 1., Nk, 1,,))

The above can be applied directly to the other modal operators defined
over IVIFSs described in [31].
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Temporal and predicate IFIMs

6.1 Definition of a Temporal IFIM and Extended
temporal IFIM

In [20] the definition of the object Temporal IFIM (TIFIM) was introduced on
the basis of the paper [49] coauthored by Evdokia Sotirova, Veselina Bureva,
Anthony Shannon and the author. However, here we will start with a simpler
type of IMs — Temporal IMs (TIMs).

Let A be an IM which elements ay, ;; are functions of the argument 7 € T,
where 7T is a fixed temporal or time-scale. Therefore, the elements 7 are time-
moments. Now, the TIM in the fixed time-moment 7 will have the form:

I e . Ly
kl Ak 14 (7‘) . akl_h. (T) cee Ok 1, (T)
A =B, D= 4oy 1) 0 g (7) o ()
k‘m CLka1 (T) T CLkaj (T) e akm,ln (T)

Let here and below T be a time-scale. Then, we obtain the following set
of TIMs:
A(T) ={[K, L,{ak, 1, () }llT € T}

Lo el
kjl ALyl (7‘) . akhlj (7’) cee Oyl (7’)
_ . . . . . . c ,T
k‘i aki’ll(T) aki,lj(T) aki,ln(T) ‘ T
km akm,ll (’7‘) I akm,l]. (7‘) . akm,ln (7’)
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Therefore, we can modify this TIM to the following 3-dimensional form

A(T) = [K7 La 7-7 {a‘ki,l]‘ (T)}]

T ll lj PN ln
kl akl’ll (T) N akl’lj (T) P akl’ln (T)
_ . . . . cT
ki aki’ll(T) aki’lj(T) aki’ln(T) ‘ T
km akm,ll(T) . akm,lj (7‘) akm,ln(T)

The concept of a TIM can be extended in at least three directions.
First, we can change the IM indices k;,[; with functions of an argument

7 and then we will obtain an Extended TIM (ETIM):
A(T) = [K7 L, T’ {a’kialj (T)}]

T L(r) ... L(r) ... ly(7)
k(1) | apy 1, (1) .. gy 1 (r) ... agy 1, (7)
=\ k) | ann () o ann () e ana () TET
ko T)| k12 (T) oo Qhyy 1, (T) oo Gy 1, (T)

Second, we can use as elements of A (again functions of 7) some n-
dimensional vectors and in a result we will obtain a (n 4+ 1)-dimensional

TIM.
The most interesting is the third direction of TIM extension — the Tem-

poral Intuitionistic Fuzzy IM (TIFIM) that is defined by
A(T) = [Ka Lv T? {</1'kz‘,lj,7'a Vki-,lj,‘F)}]

I . L
(Hky 1y 75 Viey L 7)

k1 <:u’k1711,7'7yk1711,7'> s

| 7Ty,

k; </"Lki7l1-,7-7 l/k'iyll17-> <Iu'ki1ln77—7 Vki,lnﬂ'>

km' <:u‘k?m,7l177—7 Vkm,7l177'> et <I’Lk77n7ln77-7 Vkm,»lna'r>

where for every 7€ T,1<i<m,1 <j<mn
/’l’k)i,lj,‘l' = /’Lk“lJ (T) 6 [07 1]7
Vk‘i,lj,T - l/k‘i,lj (T) 6 [07 1])

Phi iy + Vit;r € [0,1].
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By analogy with the Sections 2.1 and 4.4, we extend the concept of a
TIFIM, defining an Extended TIFIM (ETIFIM; see [25,38]), by:

A*(T) = [K*(T)vL*(T)’ {<Mk?i7lj,7'7 Vki7lj77'>}]

lla<al1,7-75i,r> n?< n'r’ﬁ >
ki, (@f 2, B ) | (ks urs Vs dur) oo (Bt rs Vi )
= ) ’ TeT
ki, (i 7,5 | B ki r) e Bk b7y Veid,r) | ’
km7 <a’lk";’L,T’ ﬁ’ll’il,‘r> <lukm7l177—’ anz7lla7—> e <u‘k7n7lny7—7 Vk7n;ln77—>

where for every 1 <i<m,1 <j <n and for each 7 € T
Kkl = Mgl (T)’ Vi 1,7 + Vi 15 (T), Pk 1,7 + Vil € [071]7

ok = ak(r), kzgwﬂ,a@+5gemJL
ozé,r = ozé(T), ﬁl( ) = J - 0‘;,7 + Béﬁ € [0,1]

and
K*(T) = {(ki,of . BF)ki e K & T €T}
={(ki, ot BF )1 <i<m&TeT},
LNT) ={{,a! Bl e L& T €T}
={{l, o BN <j<n&TeT}
Let

(
(Vki:pieK:(afT<a£T)&( §T>B£7—))7
(
(

Wk =pi € K s (o, <al) & (85, > L),

and similarly for set L*.

We must mention that the new IM is 3-dimensional by analogy with
the IM described in the beginning of this section. The indices for the third
dimension of the TIFIM and ETIFIM are elements of a time-scale 7 (see
Figure 6.1).

In the next section, we will describe the operations, relations and opera-
tors over the ETIFIMs.
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Figure 6.1. ETIFIM as elements of a time-scale 7.

6.2 Operations over ETIFIMs

For the ETIFIMs

ANT) = [K(T), L (T)s {75 Vi 1,00 s
BY(T) = [P(T),Q"(T), {{pp,.a..,7 Op,.q0.7) };
and for o = (01, 03), % = (%2,%2) € {(max, min), (min, max)}, the operations

are the following (these definitions are extensions of the definitions from
(25, 38]).

Addition
AN(T) ®o,x) B(T) = [T(T), VAT, {{Ptu,v,ms Yt vi,m)

where
T(T) = K*(T)UP*(T) = {{tu, &, BuMtu e KUP & 7 €T},
VHT) =L"(T) U Q(T) = {{vw, o+, By ) ow € LUQ & T € TH,

aﬁﬂ ift,e K-P
of = ab ., ift, e P-K,
ol(aﬁT,aﬁ,TL ift,e KNP
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- if v, € L—Q
Y = 7 ift,cQ—L,

02(5_5',7—75(51,7')7 if ty € Ln Q

and

<g0tu sVw, T ,(/Jtu sVw 7T> =

(kim0 Vki o7 ) ifty=kie Kandv, =1l;€ L -Q
ort,=k; € K—Pandwv, =1; € L;

<ppr,qs,ﬂ0pr,qs;r>a ifty,=pr€ePandv, =¢g.€Q—L
_ orty, =pr € P—K and v, = ¢qs € Q;

b

<*1(Nki,l_,»,7>ppr,qs,r)a ift, =k = pr € KnP
%2 (Vki 1t Opygsit))s and v, =1l; = qs € LN Q;

(0,1), otherwise

Termwise multiplication
ANT) @0y BHT) = [T°(T), VI(T), Lt v Ytovi w35
where
T(T) = KX(T)n P*(T)
VAT) = LX(T)NQYT) = {(vw; s By p)ow € LNQ & 7 €T,
of =oi(af_,af ), fort, =k =p, € KNP,

1,77

{{tu, @y 1 B Mtu € KNP & T €T},
{

v

w, T T 02( ;,775877)’ for v,, = lj =q¢ €LNQ

and
<<ptu,vw,7'7 wtu,vw,7'> = <*1 (Mki,lj \T ppr,qs,r)a *2(Vki,lj,7'7 Up,«,qs,'r»-
Multiplication
AX(T) O(o,#) B* (T) = [T* (T>7 v (T)7 {(‘Ptu RO P "r>}]7
where

T(T) = (KU (P = L))" (T) = {{tu, & -, Bi ) tu € KU (P — L)},

VAT) =(QU(L—P)(T) = {{vw, @iy 7, By ) [vw € QU (L — P)},
Oéi-cT7 ift,=k; e K
ift,=p.eP—L

p
Q. 7s
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l : —
. i fv, =l €L-P
w,T T .
g,r? lf tw =4s € Q

and
(Ptusvur Vtuwu,r) =

</’Lki,lj,7'7yk?i,lj,‘f'>7 if tu = kl E K
and v, =1l; € L - P —(Q;

<pp'm‘h>7'7 0?7*7QS7T>’ lf tu = Dr € P—-L-K
and vy = ¢s € Q;

G

lj pTELF‘I

= pTOengmin /‘l’ki,lj,77ppr,qs,7')>7 ift, =k € K and vy = g5 € Q;

lgmax Vil Op,qs,t )

(0,1), otherwise

Structural subtraction
AN(T)e BX(T) = [T*(T), V(T), {{tuvw.m> Vtuvw,) s
where

T(T) = (K = P)(T) = {{tu, & 7 Bur)|tu € K — P},
VAT) = (L= Q)(T) = {{vw, a3y 7, By o) Jow € L — Q},

for the set—theoretic subtraction operation and

afwz ”,fort =ki€ K- P,
o = jT,forvw—l eL—-qQ

and
<<pt1uvu)77—7z/}tu7'uw7‘r> = <luk?i7lj77'7 Vkialj77'>
fort,=ki€e K—Pandv,=10; € L—-Q.

Negation
—A(T)" = [T°(T), V(T), A~ (s 75 Vb 5 ) 3

Operations “reduction”, “projection” and “substitution” coincide with
the respective operations defined over IMs in [10], while the hierarchical op-
erations over IMs are not applicable here.
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6.3 Relations over ETIFIMs

Let the two ETIFIMs
ANT) = [K*(T), L*(T), {(tts 57 Vios 15,70 3
BX(T) = [PX(T),Q"(T), {{Ppr.a,7 %y ,q0,7) 3]

be given. We introduce the following definitions where C and C denote the
relations “strong inclusion” and “weak inclusion”.

The strict relation “inclusion about matrix-dimension and ele-
ments” is

AN(T) cq BY(T) it (K*(T) € PX(T)) & (L*(T) € @(T)))
(

vV ((K™(T) € PY(T)) & (L*(T) Cc Q*(T)))
V (K*(T) C P*(T)) & (L*(T) € Q*(T)))
& (V7 € (T))(Vk € K)(VI € L)({fthi i,75 Vii ly,7) = (Phistyyrs Oks ly.7))-

The non-strict relation “inclusion about matrix-dimension and el-
ements” is

A*(T) €q B*(T) iff (K*(T) € P*(T)) & (L*(T) € Q*(T))
& (V7 € (T))(Vk € K)(VI € L)((pki iy ,m Viityir) = (Phidyrs Okl r)-
The strict relation “inclusion about element values” is
AN(T) <, BY(T) it (K*(T) = P*(T)) & (L*(T) = Q"(T))
& (V7 € (T))(Vk € K)(VI € L)({ttrs 5,7 Viei 7)< (Phsolyors Okl o))
The non-strict relation “inclusion about element values” is
AX(T) <5 BX(T) it (K*(T) = P*(T)) & (L*(T) = Q*(T))
& (V1 € (T))(Vk € K)(VI € L) (k17> Vhistyor) < (Phiyrs Ohidyr)-

The strict relation “inclusion about matrix-dimension and element
values” is

AY(T) < BY(T) ift (K™(T) € P*(T)) & (L*(T
V((KX(T) € PY(T)) & ( “(T) (T
Vv ((E5(T) € PX(T)) & (LX(T) € Q)*(T)))

( (

& (VT € (T))(Vk € K)(Vl € L)( Mk li,ms Vil T> pkiylj,'l')o—ki7lj77'>)'
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The non-strict relation “inclusion about matrix-dimension and el-
ement values” is

AX(T) <° BY(T) it (K*(T) € P*(T)) & (L*(T) € Q*(T))
& (VT € (T))(Vk € K)(VZ € L)(<N’ki,ljﬂ'7yki,ljﬂ'> < <pki>lj,7’7aki,ljﬂ'>)'

The strict relation “inclusion about matrix-dimension and indices”

AX(T) ¢y B*(T) 1ff((( (T) c PX(T)) & (L*(T) C Q*(T)))
vV ((K*(T) € PX(T)) & (L*(T) € Q*(T)))
vV ((K(T) € PX(T)) & (L*(T) € Q*(T))))
& (Vr e (T))(Vk e K)(Vl € L)

(<ai,7'7ﬂi,‘r> = < i,7'7ﬂ > & <O[£ T76£7T> = <Oé:'],‘r7ﬂg,7'>)'

The non-strict relation “inclusion about matrix-dimension and in-
dices” is
AX(T) €4 BX(T) iff (K*(T) € P*(T)) & (L*(T) € Q*(T))

& (Vr e (T))(Vk e K)(Vl € L)
({af . BE) = (b 1, BY ) & (ai 1, BL ) = (o 1 BE))-

The strict relation “inclusion about matrix-dimension and index
values” is

AX(T) <, B(T) iff (K*(T) = P*(T)) & (L*(T) = Q*(T))
& (Vr € (T))(Vk € K)(Vl € L)

(ol BE) < (af 1. BE,) & (ai s, Bip) < (af . BY,))-

The non-strict relation “inclusion about matrix-dimension and in-
dex values” is

AX(T) S, BX(T) iff (K*(T) = PX(T)) & (L(T) = Q*(T))
& (Vre(T)(Vke K)(Vie L)

(e, BE,) < lab . 87, & {ai,, Bi ) < (ol BL).
The strict relation “inclusion about index values” is
AX(T) < BX(T) iff (K*(T) € P*(T)) & (L*(T) € Q*(T)))
vV ((E(T) € PX(T)) & (L*(T) € Q(T)))
vV ((K(T) € PH(T)&(L(T) € Q)*(T)))
& (Vre(T))(Vke K)(Vie L)
(<a?,'r7ﬁzk,7'> < <Oé€,‘r7ﬁzp,7-> & <aé,735£,'r> < <ag,7'75’?,7->)'
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The non-strict relation “inclusion about index values” is

(K*(T) € P*(T)) & (L*(T) € Q"(T))

& (Vre(T)(Vke K)(Vie L)

(<Ol 751 'r> — < £T7B£T> & <aé,73ﬁé,r> é <ag,7'752q,7->)'

AN(T) € BX(T) ift

ETIFIM A*(T) has temporal strictly increasing elements, if
(VTl,TQ S T)((T1 < 7'2) — (Vkl S K)(Vlj € L)

(it e Vi 1y m ) < APkl o Ohs 12 ))-
ETIFIM A*(T) has temporal non-strictly increasing elements, if
(Vr, 2 € T)((11 < 12) = (Vk; € K)(Vl; € L)
(it e Vi 1y m ) < PRy oy Ohes 12 ))-
ETIFIM A*(T) has temporal strictly increasing indices, if

(V7,72 € T)((1 < 12) — (Vk; € K)(VI; € L)
((afry, BEr) < ab oy, BE,,) & (i, B r) < (a4, B 0,))-

ETIFIM A*(T) has temporal non-strictly increasing indices, if

(V71,72 € T)((1 < 72) = (Vk; € K)(VI; € L)
(< zn’ﬁz 7'1> = < 172762 ‘r2> < é,‘f‘ﬁﬁl}ﬁ> S <O‘?,727ﬁ;‘1,72>)~

6.4 Specific operations over ETIFIMs

Let operations © and % are dual operations of operations o and *, respec-
tively. For example, pairs (0,3) and (*,%) can be any among pairs (max, min),
(min, max). If o and * are average operations, then S and ¥ are also average

operations.
Let the time-scale 7 be fixed, let the ETIFIM

A*(T) = [K*(T)v L*(T)’ {</’[’ki7lj,77 Vki7lj77'>}]

‘ l1’<all.7'?ﬂi7'> n’< n‘r?ﬁ >
kv, (@F 1 B0 | Bk s Vi) oo (ke s Vi 7)
= ) ) . |TeT
Koy (2 Bl ) Wk 70 Vit 7) =+ ey s Vi 7

be given and let kg ¢ K and Iy € L be two indices. Now, we introduce the
following operations over it:
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(o, *)-row-aggregation

p(O,*)(A* (T), kO)
‘ ll7<all T7Bi 7'>

ko.(, o of. & BFK

A o) A
1<i<m 77 1<i<m T

1§1?k§m,ukwllﬁ7 * Vki7l177'>

lna <Oéln,'r’ 55@7’>

. - | TeT
<1§i§m Kkl 75 1<i<m Vk,;,ln,‘r>
(o, *)-column-aggregation
l s gl
21 <8 @2 1B P!
O'(o,*)(A* (T)a lO) = kl, <a]1€77-76{€77—> <1S;F§nuk17lj’7—71§;*§nyki’lj’7—> ‘ T E 7-
km7 <alr€n,7'7 Bfn,7‘> <1§_>](’<§n'ukm’l-7"T’lgfgnl/ki’lj’7>

Let o and ® be two other dual operations, that may coincide with (o,3)

or (*,%), or may be different. The following new aggregation operation can
be defined:

(0, ®,%) — T-aggregation

l - l
i, <Te°TalvT’ o7 Bl

Py (AN(T)) = k(o ot o o Bi-) | (& Mhities E Vkibir) -

k o ak 5 [k * * v
m;<7_6,7- m’T’TET m,7'> <T€7—Mk}m,l1,7‘77_€7_ km,ll,T>

lna <aln,-r7 ﬁé,7>

<Ték7—ﬂk1,lm"" Vklvlm7—>

%
TET
(Lt oty E Vil )

The above operations are extensions of the operations from IFIMs,
EIFIMs and TIFIMs and have similar properties.
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6.5 Definition of an n-dimensional temporal extended
index matrix

Let T = {t1,t2,...,ty} be a fixed time-scale. An n-DTEIM with index sets
Ki,Ky,...,K, (Ki,Ks,...,K, C Z*) and elements from set X that are
functions of the elements of T', is called the object:

A(T) = [Kla K, ... 7K7L> T, {ak1,517k2‘521-~~7kn,sn (t)}}

where Ki = {ki71,kji,2,...,k}i,mi}, m; > 1 and akl,slvklswm c X
forl<i<nand1l<s; <m,.
The n-DTEIM A has the following @ different representations as

2-DTEIMs:

7kn.s“

(k3,555 kn,s,) ko1 ... k2,m,
kl,l akl,l’k2,1,k3,53,u-,kn,sn(t) cee akl,lakZ,mzukS,ssguwkn,sn(t)
A:
kLi a/kl,iskZ,lykS,sg7~~~5kn,sn(t) s a’kl,i,kz,mrz:ka,sym,kn,sn(t)
kLml akl,'m.l7k2,17k3,53a~~-7k7L,sn(t) s akl,'rrLl7k2,'m.2’k3,53a~-~7k'n.,sn(t)

| <k37837"'7kn,sn> S K3 XKoo X Kn}

<k1,81 ) kn*2,57k2> kn,l
kn_1,1 Aky oy yeskn_2.6, o kn—1,1,kn1 (t)
- - knfl,i akl,sl,...,kn—2,sn72-,kn—l,q‘,akn,l(t)
kn*lymnfl Aky oy yeiskn_2,5,, gskn—1,m, 1 kn1 (t) s
kn,mn

Aky 5, eesbn—2.s _oskn—1,1,kn,m, (t)
Ak o, seeskn—2.5, _oskn—1,ikn,m, (t)

R PSR U S ()

| <k1751, .. .,kn,Q’sn_2> € K1X' . 'XKH,Q}.

Of course, the time-scale T' can be one of the K-sets, but for the research
above, it is important that it is a separate component.
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6.6 Operations over n-Dimensional Temporal Extended
Index Matrices

Here, we introduce the basic operations over n-DTEIMs, by analogy with
[19,20], but with the following important difference: in all previous research
with TIMs, these matrices have elements related to one fixed temporal scale.
Here, we will discuss the case, when each IM has its own temporal scale.

First, we mention that in Section 3.2 it is shown that there are 5(= 3!—1)
transpositions of a 3-DEIM. As we mentioned in Chapter 3, in the general
case of n-DEIM, here — nDTEIM — there will exist n! — 1 transpositions.

Let us define

[K17K27"'7KH7T7 {akl,slvkz k (t)}}[jl’h’m’jn]

s899 s fn sy

= [Kjl ’ szv s 7an T, {akjl,sh Kja,sgy e Kin, s, (t) }]
Obviously, for the standard n-DEIM is valid

[Kl’ K27 M) K7L7 T7 {akl,sl 7k52,327~~-7kn,3n (t)}][172 VVVVV n]
= [Kh Ky, ..., K,,T, {a’lﬁ.sl k2,505 skn, sy (t)}}

Second, let us have two n-DTEIMs

A= [Kh K27 ceey Knv 11, {ak1,51,kz,SQ,»--,kn,sn (tl)}]7
B = [Lh Lo, ..., Ly, Ty, {bll‘rl A2,rgsesln,ry (t2)}]

The case, when T and 75 coincide is the standard case that was discussed
in [20] for 2DTEIMs. Here, we will assume that T # Ts, but the case TyNT, #
& is possible.

Let everywhere below i be a natural number for which 1 < ¢ < n. Fol-
lowing [20, 29, 37, 54] we introduce the following operations over A and B.
Firstly, we will describe the simpler case and, after this, the more complex
one.

Operation “Addition”

A(Tl)@(O)B(TQ) = [K1UL1, KQULQ, ceey KnULn, T1UT2,{C;D17(H JD2.q0 5+ 3Pn.an (t)}},

where
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Cpl,ql »P2,q95-Pn,qn (t)

T T (t1), if for each i: p; 4, = ki, € K,
and t =t; € Ty — Ty,
orif t =t; € Ty U Ty, for almost all i:
Dig; = ki s, € K; and there exists ¢ such that
kis; & Li

Oty yy oyl (t2),  if for each iz p; g, =i, € Ly
= andtZtQETg—Tl,
or if t =ty € Ty U Ty, for almost all i:
Diq; = lir; € Ly and there exists ¢ such that
li,ri ¢ Kz
L S T (t1) if for each it p;q, = kis, = lir, € KiN L,
o bll,nvlz,rza-<~7ln,m (t2), andt=t; =to € Ti NIy

1

otherwise.

)

Operation “Termwise multiplication”

A(Ty) ®(o) B(T3)
= [Ki N L1, KoM Loy .o, Ky O L, Ty 0 Ty {€py 41 pogy oo an (E)

where

cpl,ql »P2,q55--sPn,qn (t) = akl,sl ;k2,527---7kn,sn (tl) © bll,rl 712,r27-~-7ln,rn (t2)

for each i, pi g, = ki s, =lir, € K;NL; and for t =t; =ty € T1 N T5.

Operations “Multiplication”

In this section, by analogy with Section 3.2, initially we discuss the case
n = 3 and after this, the general case.
Standard operation “Multiplication”

Let [z,y, 2] be a permutation of the triple [1,2, 3].
Now, we add the temporal component, so the new IM will be 4DEIM, or
the above sense, SDTEIMs. Let the two such IMs:

A(Tl) = [Kv L,H,1Ti, {aki,lj,hg (tl)}]

and
B(T2) = [P7Q7Ra T, {bpr,q57ed(t2)}}

using different temporal scales be given, where T7 # T3, but it is possible
that Ty N T, # @.
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Operation [z, y, z]-multiplication is defined by:

A(Ty) 0% B(Ty) = A(T1) ©(o, BE3(Ty),

where the first multiplication operation @Ei’z’)z] is:

A(Tl)@(o)*) B(Tg) = [KU(P—L),QU(L—P),HUR, ThUTs, {Ctu,vw,xy(t)}]a

where
Cty v,y (t)

Ak, 15,h, (t1), ift=ty €Ty and t, =k € K
and v, =1l; € L-P—Q and z, = hye H
ort, =k € K—-P-Q
and v, =1l; € Land xy = hy, € H
ort:tleTl—Tg;

bpr-,q.eyed(tQ)’ if t = tQ € T2 and tu =pr € P
and vy, = ¢ € Q—L—K and 2y, = e4€R
- orty,=p- €P
and vy, =¢qs € Q—L—K and zy = eq€R
OI‘tZtQETQ—Tl;

ljgpr(aki)lj)hg (tl) * bp'r'yqs7ed (tQ))’

cLnp ift, =k; € Kand v, =¢s € Q
and zy, =hy=eq € HNR
andt =t =ty €T} N T5;

1 otherwise.

3

Now, we introduce two other operations “multiplication” and a new form
of the above operation for the case, when A and B are 3DEIM in the forms
from Section 3 for n = 3.

6.6.1 First new operation “multiplication”

A(T1) Oo,x,1y) B(T2) = [K1, Lg, Ty U T, {cp, 4 paa, (D)}

where
Cp1,qy:P2.09 (t) =
© (ak1,517k2,327k3,53 * bll,tlvl2,127l3,t3)’ if P1,q1 = kl,sl € Ky
k2,so = 11,6, € K2 N Ly and P2,q, = lg,ts € Ls
") k3,53 =l2,65 € K3 N Lo and t =t =ty € Th NTy;

4, otherwise.

Therefore, this operation generates a 2DTEIM, i.e., decreases the number
of dimensions.
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The number 1 in the record ®( 4 1) means that the first component of
the first 3DEIM and the third (i.e., the first backwards) component of the
second 3DEIM are used as the two components of the new, already, 2DEIM.
These two components are interpreted as the first and last components of the
new 3DEIM.

6.6.2 Second new operation “multiplication”
A(Ty) Ooe1,1) B(Tz) = [K1 U (Le — K3), K3 U Ly, Ly U (Ko — L), T1 U T,

{Cpl,ql \P2,q9P3.q3 ()},
where

Cp1,qy P2,95+P3,43 (t) =

Al o) k2 en k3,0 (tl), ift=t €T and p1,g, = k1,5, € K1
and pa g, = k2,5, € Ko — L1 — Lo
and pg,q, = k3,5, € K3,

Or P1,q, = kle eKy—Li— Lo
and pa g, = k2.5, € Ko
and p3.q, = k3,5, € K3;
ort=t, €Ty =T

1)11,761,1217,2713”03 (tg), ift=ty €Ty

and Pl = ll,”‘l S L1
and D2,q0 = lg’rz €Ly — K1 — Ky
and p3 g, = l3,ry € L3,

or p1,g, = l1,r € Ln
and D2, = ZQJAQ S L2 — Kl — KQ
and P3,q3 = l3’7«3 (S L3;

ort=ty €Ty —1T)

P2‘q23l1,t(akl,51 k2 sg,k3, 55 (tl) * bll,,,,l 2,70 ,03,rs (t2)),
€KonL,
if pr.g, = k1,5, € K1,p2,4, = l2,r, € Lo,
P3,qs = k3783 = l3,7'3 € KsNLs
andt =t =ty € T1 NI

1, otherwise



128 6 Temporal and predicate IFIMs
This operation can be represented by the standard multiplication, because
AOp,1,1) B
=[K1U (L2 — K3), K3U Ly, L3 U (K3 — Lo), Ty U TQ,{Cqu1 P2,a9D5,a5 (t)}]
= [K1U(Ly — K3), LsU(K> — La), KsUL1, Ty UTa{Cp . o ag pn.ag (D) 22
= ([K1, K2, K3, Tv, {an, ., ks .y k5,0 (T1)}]
o) [L2s Ly L, Toy {biy . 5 s s 1y (t2)}]):3:2]
= ([K1, K2, K3, 1, {aky | ko oy ks oy (01) ]
o)Ly Loy Lz, Toy {biy s 1y 1 1y (to)}]13:1:2]) (132
= ([K1, K2, K3, T1, {ag, ., ks .y ks 0 (T1)}]

OEIINL, Lo, Ls, To by, 12y 0y (82) 1) 321,

Therefore, this operation generates a 3DTEIM, i.e., preserves the number
of dimensions.

The partial case when index sets Ko = Lo, is very interesting. In it we
obtain

A(Tl) ®(o7*71,1) B(TQ) = [Klv K3 U Lla L37 Tl U T27 {cp1,q1 1D2,95:P3,q3 (t)}]v

where

Cpl»ql »P2,q2:P3,q3 (t) =

pz,qzo:ll,tgah,sl k2, 55,k3, 55 (tl) * bl1,r1 d2,rg 03, (TQ))a
€K5NL .

2 if P11 :k1781 GKl and P2,q2 :l2,t2 GLQ
- and p3,q; = k3,55 = l3,ry € K3N L3
andt =1t; =ty € 11 UTy;

1 otherwise.

9

Exactly this form of the second operation corresponds to the record
®(o,%,1,1)- Here, the first 1 has the above sense, while the second 1 means
that one component from the first and of the second 3DTEIM (the third of
the first 3DEIM and the first of the second 3DTEIM) will be used as a second
component of the resulting 3SDTEIM.

6.6.3 Third new operation “multiplication”

A(T1) Oopw,2) B(T1) = [K1, Ko, L3, La, Ty U Ta, {Cpy . pa gy 05,03 0,0, (D)1

where
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Cpl,ql »P2,q5,P3,q3:P4,q4 (t)

ksé?%lbrl(aklysl k2,55 :K3,55 (tl) * bll,rl 2,70 503,rg (TQ))’
. if prg, = k15, € Ky
and pa g, = k25, € Ko
and P3.q5 = 12}7«2 € Lo
and pya g, = 3,0y € L3
and t =t; =ty € T1 NTy;

1, otherwise.

Therefore, this operation generates a 4-DTEIM, i.e., increases the number
of dimensions.

The number 2 in the record O(o,x,2) Means that the first two components
of the first 3-DTEIM and the second two (i.e., the first two backwords) com-
ponents of the second 3-DTEIM are used as the four components of the new
already 4-DTEIM.

Following the sense of the introduced notation, we can define the general
case of the operation multiplication.

General case of the operation “Multiplication”

Let A(T) and B(T?) be the two n-DTEIM from Section 3. Then, we define
one of the possible general cases for operation “multiplication”. It includes the
first, third and the partial case of the second operations introduced above. By
the moment, an Open Problem is what is the general form for the second
multiplication.

Let o and 8 be two natural numbers for which1 < a <n—1,0< < n—2
and a + f < n — 1. Then, we obtain the following (2a + 8)-DEIM:

A(Tl) @(O,*7Q7B)B(TQ) = [Kl, . Ka,Kn_5+1 Urly,...,.K,U Lg,

Ln—a+17 veny L, Ty U T, {6121.q1 7p2,q27--<7p2u+ﬂ,q2a+ﬂ(t) }]’

where
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Cpl,ql »P2,q0 7~--,P2a+ﬁ,q2a+ﬂ(t)

O (ke kzgreeikin,ey, (B1) i D1g, = k1, € Ky
ka+1,s(,+1 = lﬁ+1vtﬁ+1 € Kay1NLgt
Da,ge = Fa,s. € Ko
kn*ﬁqsnfg =ln-at, o € Kn-pNLln_a pa+1,qa+1:kn*ﬂ+175n7ﬁ+1

=l €Knpr1NLy
* b1y o el (£2)),
pa+B7qa+g = kn,sn
- Zl,&,«ﬁ € K,NLg
PatB+1,90+p8+1
= lnfoH»l,rn_a_*_leLnfaJrl

P2a+8,920+5 :Zn,tn €L,
andt=t; =ty € T1NTy

1, otherwise

Operation “Structural subtraction”
A(Tl)@B(TQ) = [Kl—Ll, Ky—Lso,....K,—L,, Tl_T27{Cp1,q1 D2,qg 5+ Prsan (tl)}],

where ¢y, ps o opnian (1) = Gy o ko ey ke, (B1) fOT €ach 4, ps g = ki s, €
K, —L; and t; € T}.

Operations o with a constant
o A(T) = [Klv Ky, ..., Ky, T, {a O Qky o) k2,sg,-rkn,sn (t)}]a

where « is a (real) constant.
Now, this operation can be extended (for the first time) to the form

a(T)A(T) = [Klv KQ’ () Knv T, {a(t)akl,sl k2505 k0, sy, (t)}}v
where «(T) is a function of T and «(t) is its value at time-moment ¢t € T'.

Operations “Projection”
Let L; C K;. Then,

prLl,Lz,...,LnA(T) = [le LQa ) Ln> Tv {bh,rl A2,rg sl ry, (t)}]v

where bl1,r1 A2, seensln (t) = Ak oy ka0 yeeeskin,on (t) for each 1, lir, = kis; € Ly
andt e T.
Now, this operation can be modified (for the first time) to the form

prLl,Lg,...,Ln,T’A(T) = [le L27 ceey Lna T/; {bll,rl A2rg el ry, (t)}]’

where b, oyl (B) = Qhy o ks g b, (B) TOr each i, L, = ki, € Ly
andteT' CT.
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Operations “Reduction”

First, we introduce operation (L,..., L, k;,,,L,...,L)-reduction of a
given n-DTEIM A(T) by

Atk L )(T) = Ky Ko K — ki by Ky oo K, T

{Cpl,ql sP2,q95-+3Pn,qn (t)}]7

Where cpl,qpl’Z,qzw-an,qn (t) = a’kl,ﬂ7k2,82x<-~7kn,8n (t) and pj,qj = k;jxsj € Kj fOI‘
1<j<nandj#iandteT.

Second, we define

Aker kg reeesbin ) (1)
= (A, Lo D) (Lkzrg L) (Lo Lk 1)
- [Kl - {kl,rl}; K2 - {k27r2}7 .. 7KTL - {knﬂ“n}vT’
{Cpl,ql 2,55+ Pran (t)},
where ¢p, s oo pnan (t) = T S S (t) and for each i: p; 4, = ki s,
€ Kl - {ki,n} and 1 § Diq; S m;.

Third, let for each i: L = {l; g, liga, - - - 7li7qri} C K;, where 1 < g,, < m,.
Now, we define the following operations:
A, 0(T)

= (- ((A(L,...,L,l,,ql,L,...,L)(T))(L,...,L,zim,L,...,L)) s )(L,...,L,lj,q”,L,...,l),

Ay gLy (T) = (A, ) (T)) (Lo Ly 1)) ) (s Ly L) -

Operations “Substitution”

Let the n-DTEIM A(T') be given.

First, local substitution over A(T) is defined for the pairs of indices
(I1,p k1,p,) and/or (lap,, k2 p,) and/or ... and/or (Inp,, kn,p, ), respectively,
for arbitrary indices p; (1 < p; < m;), by

[fss 15 ] )

k1,py

= [(Kl - {klypl}) U {ll,Pl}v KQ? ceey Kna T7 {akl,sl7k2,527~--,kn,sn (t)}]

[J.' l2a . | .;J_] A(T)

P Farpy
= [Kh (K2 - {k2,p2}) U {l27p2}’ Ks, ..., Ky, T, {ak1,517k2,52)~~~7kn,5n (t)}]

[J_;w- s L M} A(T)

" Enpn,

= [Kla Ko, ..., Ky 1, (Kn - {knvpn}) U {ln,pn}7 T, {akl,sl7k2,327~~-7kn,sn (t)}] .
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Second,

ll,pl . l2~p2 . cAnpy
|:k1vp1 P k2,py " Knpy, A(T)

= {,%;J_;...;J_} {J_;]%;J_;...;J_} [J_;J_;...;J_;]i—z} A(T)
= [(K1 = {kip, ) U{lip, b (B2 — {kapo }) U{l2po ) -
(K = {Enp 1) Udlnp, b Ts {0, koo en (D]
Let the sets of indices Ly, Lo, . .., L, be given, where card(L;) = card(Kj).

Third, for them we define sequentially:

6.7 Other operations over n-DEIMs over different
temporal scales

Let us define for the temporal scales 7" and 7" and for ¢’/ € T":
Tmax (7, T") =max{t |t e T" & t < 1"},
Tmin(”,T") =min{t |t e T" & t > t"}.

Now, we re-write a part of the above definitions of operations, following
their order above and changing only parts of their components.
Let # € {TminaTmax}~

Operation “Addition”

o

A(Ty) &) B(Ty)
= [Kl U Lla K2 ) LZa EE) Kn U Ln7 Tl U T27 {Cpl,ql P2,q95--+:Pn,an (t)}]a

where
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Cp1.qyP2.q0 5 1Pn.an (t)
Ahy o) ko mgrokin iy (E1),  if for ach it pi g, = ki s, € K,
andt =t € Ty — 15,
or if t =t; € Ty U Ty, for almost all 4:
Pig; = kis; € K
and there is ¢ such that k; 5, & L;;
Dty oy g vevosl o, (£2). if for each i: p; 4, = l; r, € L,
= and t =ty € To — T7,
or if t =ty € T7 UT5, for almost all 4:
Diygi = liry € Ls
and there is ¢ such that [; ., & K;;
Akey o) ko ey ook o, (FE(t2, T1))  if for each i pi g, = kis, = lir, €
@) bll,rl N PN . (#(tl,TQ)), Kz n L, and tl € Tl,tg € TQ;

L

, otherwise.

Operation “Termwise multiplication”

A(Ty) @) B(Ty)
=[KiNL,KyNLg,...K,NL,TH NTa, {cpl,ql D205 1---+Pran )},
where

Cpl,ql »P2,q55-sPn,qn (t)

= Ak o ke verkin,en (FF(2:T1)) © bty o ool (FE(E1,T2))
for each i, pi g, = kis;, =lir; € KN L; and ty € T1, 19 € Tp.
Operation “Multiplication”
A(T) O(o,x,0,8) B(T2)
=[K1,.... Ko, Kn—py1U L1, ... K, ULg, Lyy— 41,y Ly, T1 U T3,
{Cpl,ql P2,935-P20+8.920 4 ()},

where
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Cp1,qq 02,45 P20 +8,d2043 (t)

o (akl,slakQ,sz ..... En,sy (Tmax(t%Tl)) if pl,ql = kl,sl S Kla
k‘a+1,5a+1 =l5+1,tﬁ+1 EKa+1ﬁLﬂ+1
kn—ﬂ,sn,g = ln—a,tn,(, S Kn—[i NLy,_q Pa,qgo = ka,sa € K,
* bll,rl712,7‘2,..»717,,,% (Tmax(tlaTQ)))v Pa+1,q041 = kn—ﬁ+1,sn,g+1
= l17t1 S Kn_5+1 NLq, ..
PatBgass = Fn,s,
= 157773 e K,N Lg,
Pa+tB+1,qa1 841
= ln7a+1,rn,a+1 S
Ly_og+1,y -
P2a+8,q2048 =
ln,tn S Ln
and t, € TY,to € Ts;

€ otherwise.

Operation o with a constant

Oé(Tl)(O, #)A(TZ) == [Kl, K27 eeey Kna Tl U TQ,
{a<#(t2, Tl)) OOk o) k2,555 skn, s (#(th TQ))H

6.8 Relations over n-DTEIMs

Let the two n-DTEIMs A(T:) and B(T%) be given. We will introduce the
following definitions where C and C denote the relations “strong inclusion”
and “weak inclusion”.

The strict relation “Inclusion about dimension”
(Ahy o, ez veorkinsan, = Okt oy Koa gk ) & (T1 = To).
The non-strict relation “Inclusion about dimension”
T N T I R R A VAT D) B
The strict relation “Inclusion about value”

(a’kl,slyk2,527~~;k7n,s" < bk1,517k2,527~';kn,s") & (Tl = T2)'
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The non-strict relation “Inclusion about value”

(Ahy o) knagoorknan, < Ok o) Kn g oikn o) & (T2 = T3).

The strict relation “Inclusion about temporal scale”
A(Th) S B(Ty) iff ((Vi)(K; = Li)&(Vi)(Vj : 1 < 55 < my)
(Qhey oy ke oo e, = Ok o) knagooikin o) & (T1 C T2).
The non-strict relation “Inclusion about temporal scale”
A(Ty) C; B(T») iff (Vi)(K; = Li)&(Vi)(Vj : 1 < s; <my)
(Qhey oy ke oo o, = Ok o) ke oiin o) & (11 € T2).
The strict relation “Inclusion”
& (Vi)(V5:1 <5 <my)
(Ahy o) ke vooiknan, < Ok oy Knayrnikn on ) & (T2 CT3).

The non-strict relation “Inclusion”

A(Ty) C B(T) iff (Vi)(K; C Li)&(¥i)(Vj : 1 < s; < my)
(ks ) b2y seoosinon, < Okt o) Koy o) & (T1 € T).






7

Predicate index matrices

The present chapter contains some new results related to a new direction of
development of IM theory. First, we will describe Predicate IMs (PIMs) with
classical evaluations and after this we will discuss the PIMs with intuitionistic
fuzzy evaluations.

7.1 Predicate index matrices with classical evaluations

In this section, extending [30], we will discuss three forms of PIMs.

First, let us have a set of indices Z and a set of predicates P such that
to each index to juxtapose a predicate. Let V : P — {false,true} be an
evaluation function for predicates. Then we can construct a PIM that has
the form:

(L RE) ... (,RE) ... (L,,RE)
<k1, R{(> Ak 14 N akl,lj e ALy l,
K@ L® {a, .} = : ’
[ ) ) { k'r'mlj }] <k“ R{(> aki,h . ak,i,lj o ak,i,ln 9
By Ri)| @ty oo Gyt Uyl

whereforlgigm,andlgjgn:aki,ljGX

K = {ki, ko, ...k} €T, L={ly,lo,...0,} CT,

{RE RK . RE RE RL .. REYCP,

™m?

K® = {(k, REYL <1< m}, L®={{;, RH[1<j<n).

Let #i,#9,0,% : P x P — P be operations over predicates, e.g.,
#1,#2,0,%x € {\,V,—,=,...} and let ey € {false,true}.
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Now, the operations over two PIMs are the following.
Strong addition
A @Oy 50:0) B = [K@ u® Pe LU QY {ctu,vntl;
where operation U® is defined by:
K®U® P® = {{c,, RE#1R,) | tu € KU P},
L®U®Q° = {(dy,, R #2R?) | tu € KU P},
and

g, 1, ift,=ke€eKandv,=1l;€L-Q
ort,=k; € K—Pandv, =1; € L;

bpraqs7 ift,=pr€ Pandv, =¢, €Q— L
orty,=p- € P—K and v, = ¢5 € Q;

Ctuyvw = \ Qi 1; Obp, g, f tu =ki=p. € KNP

and v, =1l =¢; € LNQ

and V{RE) = V(RE) = V(RE)
= V(Rfi) = true;

€o, otherwise.

Weak addition
AD (000 B = K0 U PYLOU° Q% {er, 0,3,
where K@ U® P9 and L® U® Q© have the above forms and

Ak, 1,5 ifty=ke€eKandv,=1;€L-Q
ort,=k; € K—Pandwv, =1[; € L;

bp,.qes ift,=p-€Pandv, =¢; € Q—L
orty,=pr € P—K and v, = ¢s € Q;

Ctu WV =

ag;1; °bp, q,, fty =ki=p. € KNP
and v, =l =¢. € LNQ
and V(RE V RP) = V(RF. V RY) = true;

€o, otherwise.

Strong termwise multiplication
A ®(#1§#2;O) B = [K@ ﬂ@ P@a L@ ﬂ@ Q@7 {Ctu,vw }]a
where
K®n® P® = {{ct,, RE#R]) | tu € KN P},
L°N®Q° = {(dy,, RE#2R?) | t, € KNP},

and
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o Jar ok g if V(RE) = V(RE) = V(RE) = V(RY) = true;
bt €o, otherwise

fort,=ki=prc KNPandv, =1;=¢, € LNQ.
Weak termwise multiplication
A @y 50:0) B = [K@ n® P® L°N°Q°, {Ctu,vn
where K@ N® P® and L@ N® Q© have the above forms and
kyl; ©bp, g, IEV(RE VR )=V(RE V Rg) = true;
Gl = { €o, otherwise
forty,=ki=p,€ KNPandv, =1 =¢, € LNQ.
Strong multiplication
A Oy aiony B=[K® U (P® — L), Q% U® (L® = P?) {er, 0, }];
where K¢ U® (P® — L®) and Q° U® (L® — P®) have the above forms and
Ak, 15 ifty=k€e Kandv, =1l € L —P—Q;
bp, g, ift,=p,€e P—L—K and v, = ¢; € Q;

Ctu W

lj=p OELﬁg?aki’lj * bpmqs)a ift, =k; € K and vy, = gs € Q
Y and for each l; =p, € LUP:

V(Rle) = V(RII;) = true;

€o, otherwise.

Weak multiplication
A Q(#;O,*) B = [K@ U@ (P@ - L@)aQ@ U@ (L@ - P@)7 {Ctu,vw }]a

where K¢ U® (P® — L®) and Q° U® (L® — P®) have the above forms and

Ak, 15 ifty=k € Kandv, =1l € L -—P—Q;
bp, qss ift,=p,€ P—L—K and v, = g5 € Q;
Ctoy vy = lj:pTOELﬁgaki’lj *bp,.q.), f ty =k; € K and v,y = g5 € Q

and for each [; =p, € LUP:
V(Rﬁ V Rl ) = true;

€o, otherwise

The remaining operations are as in Chapter 1.
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Second, let {Py, 1, |ki € K,l; € L} be a set of predicates and {ax, i, |k; €
K,l; € L} be a set of objects, related to the respective predicates. Then we
can construct the following (0, 1)- or (false, true)-IM (see Section 3.6 for the

case n = 2):

[K7 _L7 {P]qi’l]- (a/k.;,l]‘)}]
I Lj

n

k1 Pkl;ll (a’khll) Pklalj (akhlj)

Pr 1, (ak, 1;)

k; Pki,ll (akiall)

k| Prp oty (Qhpy1y) o Pty @k, 0) -

P, 1, (ak, 1,,)
Py, 1, (ak, 1,,)

Py, 1, (ak,, 1,,)

Lo, Lo L

k1| Py 1y Py, 1 Py, 1, k1| ak, 1, Ay 1 Aky 1,
_ . . . T . .

ki | Pk, 1y Py oo P, ki | ak, 1, Ak 1 ki L,

ko | Prpy 1y - Pyt Py, 1, ki |@ky, 1y <o Qkpyty ooe kil

where operation is defined in Section 3.6.

Finally, we can construct a combination of the two types PIMs, discussed

above in the form:
(K, L { Py, 1, (ar, 1,)}]
<l17 R{:>

<lj7 RJL>

(In, R7)

<k17 R{(> thll (akl,ll)

<k27RzK> Pki,ll(aki,ll)

(ks RE)Prp iy (k1) -

Pkl,lj (a’kl,lj)
Pr 1, (ak, 1;)

Py, 1;(ak,,1,) -

Py, 1, (ak, 1,,)
Py, 1, (ak, 1,,)

Py, 1, (ak,, 1,)

For the so constructed PIMs, the operations, relations and operators dis-
cussed in previous chapters will have similar forms.

7.2 Predicate IMs with intuitionistic fuzzy evaluations

Let £ = {(a,b)|a,b,a + b € [0,1]}. Similarly to Section 5.4, let us have a
set of indices Z and a set of predicates P but now let V : P — L be an
evaluation function for predicates (for £ see Section 4.1). The new type of
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PIM has the same form as in the previous section, but now there are changes
in the definitions of the operations over two PIMs.
Let the IFP (a,b) be called

a tautological IFP, when a = 1,b =0,
a sure IFP, when 1 > a > 0.5>b > 0,
an Intuitionistic Fuzzy Tautological (IFT) IFP, when 1 > a > b > 0.

Now, the definitions of the operations from Section 7.1 of Z-type, where
Z is term “tautological”, “sure” or “intuitionistic fuzzy tautological”, are the
following

Addition of Z-type
A @(#1;#2;0) B = [K@ U@ P@’ L@ U@ Q@v {Ctu,ﬂw }]a
where K@ U® P® and L@ U® Q@ are as above and

Ak, 15 ifty=ke€eKandv,=1l;€ L -Q
ort,=ki€ K —Pandv, =1[; € L;

bp, .q.> ifty,=pr€ Pand v, =q, €Q— L
ort, =p, € P— K and vy, = ¢s € Q;

Cloy, v =

Akt 0 bp, g iftu =ki=p, € KNPand v, =l =q;, € LNQ
and V(RE),V(R]), V(RE),V(RY)
are of Z-type;

€g, otherwise.

Termwise multiplication of Z-type
A O(#13#030) B = [K@ n® P@, Len® Q@7 {Ctuvn

where K® N® P9 and L® N® Q© have the above forms and

a1y 0y, i V(RE),V(RE),V(RE), V(RY)
Cty oy = are of Z-type;
€o, otherwise

forty=ki=p,€e KNPandv, =10 =¢, € LNQ.
Multiplication of Z-type
A O(#13#2;0,%) B = [K@ u® (P@ - L@), Q@ U (L@ - P@)v {CtU7Uw }]7

where K¢ U® (P® — L?) and Q® U® (L® — P®) have the above forms and
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;155 iftu:kieKande:ljeL—P—Q;
bp,.qs5 ifty,=p. € P—L—K and v, = ¢s € Q;
Ctyvw = lj:pr%Lﬁsgkmlj * bPraQs)’ ift,=k € Kandv, =¢ €Q

and for each [; = p, € LUP:
V(Rle) and V(R ) are of Z-type;

0, otherwise

The remaining operations are as in Chapter 1.



Conclusion

As it was mentioned in the Foreword, this book contains my main results
on index matrices, obtained mainly after the publication of [20]. The book
does not include the results of the remaining colleagues who worked on the
theory of IMs like Velichka Traneva, my former PhD student with a thesis
on IMs, as well as on IM applications in different areas of sciences—here
the list is essentially longer, but the most active have been (in alphabeti-
cal order): Deyan Mavrov, Evdokia Sotirova, Lyudmila Todorova, Nora An-
gelova, Olympia Roeva, Pencho Marinov, Peter Vassilev, Simeon Ribagin,
Sotir Sotirov, Stela Todorova, Tania Pencheva, Vassia Atanassova, Velin An-
donov, Veselina Bureva, and others. The reason is that I hope at least some
of them will follow my example and publish their results in subsequent books
in near future.

Over the past years, IMs have been used as tools for describing of different
processes and objects. For example, they are used in the areas of:

e generalized nets — [1,2,4,9,83],

e intuitionistic fuzzy sets, relations, operations, operators, graphs — [5-8,
13,52, 56],

e neural networks — [46,47,70],

e image and pattern recognition — [66]

e game method for modelling — [12],

e databases, big data, OLAP [39,40,51,54,55,57-59,74,75],

e decision making procedures — [42,43,61,79-82],

e transportation problems — [76,77],

e number theory — [23],

and others.

I would be very happy if the book succeeds in provoking scientific interest
and stimulates other fellow researchers to start working in this area.
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non-strict inclusion
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modal operator
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Ha.p,,6, 109
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operation

o with a constant, 5, 50, 53
[+, 60

(o] (), 62
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addition, 2, 10, 48, 116

addition
(max,min)-addition, 74
addition @}, 82
addition of Z-type, 141
addition-(max,min), 80
addition-(min,max), 75, 81
strong addition, 138
weak addition, 138

automatic reduction, 100

composition !1 , 24

composition !2, 24
composition b, 22
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multiplication, 3, 10, 48, 117

multiplication
[, B, v]-multiplication, 49
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strong multiplication, 139
strong termwise multiplication, 138
termwise multiplication, 3, 10, 48,
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termwise multiplication ®3, 82
termwise multiplication-(V), 81
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weak multiplication, 139
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negation
negation of an EIFIM, 75
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structural subtraction, 4, 50, 118
substitution, 21
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operator
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LS, 14
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first hierarchical, 30
second hierarchical, 31
third hierarchical, 32

permanent, 26, 27

temporal IM (TIM), 113

temporal intuitionistic fuzzy IM
(TIFIM), 114

three dimensional IM (3-DIM), 45

transposed IM, 13
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